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1. ERTRHEFRENES EBEMizar RE T LR,

2. WRIFSTRE BN ARRTENE, 7EMizar STHL SR 5 R RS

3. HkEMizarP EX T REMEXH S REGEH, HFTRTHXMER, M
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THE SPECIAL FUNCTION DIFFERENCE,
DIFFERENCE QUOTIENT, INTEGRAL AND
ORTHOGONAL, NORM FUNCTION IN MIZAR

ABSTRACT

The Mizar project is created and develops with the development of automated
theorem proving which is a branch of artificial intelligence. Mizar is a proof checker
which is used in building Mizar Mathematical Library. The original Mizar is designed
to help mathematicians write mathematical papers and it bases on the Jaskowski style
of natural deduction. Today Mizar has become a formalization of mathematical
knowledge, with the function of proving, verifying and typesetting. Mizar system has a
large Mizar Mathematical Library, including more than one thousand articles, almost
covering all branches of mathematics.

This dissertation describes the history of theorem automatic proving and Mizar
system and how to write articles in Mizar system. The main work of the paper is
summarized as following:

1. Difference and difference quotient of some special functions are implemented
in Mizar system. .

2. Based on differentials and integrability of special functions, several integrals
are presented and implemented in Mizar system.

3. For the first time the orthogonality of functions and the norm of functions are
defined. In addition, the properties of related theorems are verified in Mizar system.

The automatic reasoning and proving process related to the above aspects have
been completed and verified to be correct in Mizar system.

KEY WORDS: Mizar automated theorem proving  difference and difference
quotient  integral  orthogonality = norm
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1 &1t

1.1 ETEH] 331k A (Automated Theorem Proving) B9 7 & R R I AKX

BERNERBMARCUHMEEARS S, THHLREHALTHNEE
HE(1]. HERNALHAHEHHAREEGHNER, BRBFHEAGELE
B, RERMZESEANAY. HEAETREEH, BIE™ENSA KEER
ARBE W E M E 2],

PN AR IE R, TR CGE R RN AL LI 157 3 FI U A 6
TYFEMN. SRAFHOIML, BERRLESZREENEZRAN®E
CAUBAERI TAE, AERERBHBEARN HTE R ERNAIFERRE®EE LK
TH, #mReREMRAFNRE. SREEMHM LRSI % 3R
FIER R, FEVMAERRTENEY, REBEREAREIH, KAk
FHRERORE. BEVHATR, PMUARENRBIRE T —F s,
WA REFE BRI FRIEEEER.

BOEEPUAL R A PG T XML BRIE T, SRR EENEERNAR SN
BT EZ ORI A ENEKA T IR R SR F R AR P R
EREE. TERINBEHENTEIEANIML. Hil, SENSEEHEK
EVMUARNES, ARUEATEENEBRTEEELRENEH. TEH
#31E BA(ATP: Automated Theorem Proving)i#k 18— R5IEH GX—RFIEHE R
B, BATEEARTTED ME—ANREMUEE, BY—H%E—mBHENER,
FRLRFTHE—IEE, RERBXMEFIML. EERt—5— 5%
TTZE, 23ERSERTAEEGTEHBRBEFEEFABNEREETNE,
XM B K075 B AR EB]. FX L, eEYSEN
i 52 Bk R 1EAF H Res R BB S UL .

FANE S EE RS T B AR AT L LN MR B ERE R ILEEA R
KIFHAR. LR U2 RS T IR e RS, SRS TN LA 2R
B — 5 B R XTI, BT RS ER T Moy
2, WA JLE R ERE R A VEE BV E BB E T R, BEELHEERE
fi R iR B X BB, B IFRIE R MRA AT AR, MR T BT
REEEAE— G B RRAY B ERENER LS —ERNS0HE. R
BAEIX—E R, BT SR AHHRETRESR, EXERMEOHRR
BORYORZEMER T REMEERA, EREEX—HNH, BT AMKNEh,



RHRREEN ZWRS RRBIEXH 5 R B EHH Mizar TR

AFERT EENBERKZE L. ALK, FRERFHibertyZEAGIIER
R THOEBH, XANSEHERRETHERAF L.

THHE=1ER, BERERRMAZIF (Hebrand) NFEBZEAFEE
THSEAPUIL RIS BR, AATEROAREBET &4, 3TH+ER,
B E L B O S e BRI R M T W& M4, VIBIEHFHRER. &
ZHERLTEFR. BEFIEHRE (A Tarski) FI1948EMNBREE (ISRK
FLETEI RIS o, EBA T w8 AT LA BT A 905 R0 % LA v B A £
EHAER, B4 HTHSERM AN, X0 AEFHHLEERFE KT
HEFHARLT FL. B HFERPH, EEFRSRFATENRIEREZeE.
1956 FE T H ALK EHHEMIEHUEFATEERRN TN, EEEREX
F—ZEATMEAMRRALR. BEAYE S ANETHRIEHEEHOE
W2, SIETHSERANEREERE, KT “BEERHI” BF (EK
LT), AUINEBAT FE (B.A.W.Russell) FERFHE (AN. Whitehead) FTE R (¥
ZEEY F_ESDLEEPM8EK. XEVBIEAE LE —TRBEEHRT.

BAFERK, REEAN, ZEBRFHRENCEZEY R, EL8TTHE
RAT EEEE, ERVSEEHARATEL. 19594, thEIBM7047HEHL_EMUY
T4 RIEH T 5K (B.A W.Russell) F#E45# (AN. Whitehead) FrE A7 (¥
ZEE) FR=ZEATESNGE, FARBEBHT “EREEHIRL” H0OE,
REFEE ERE—A, ANRERESEEREERTIERI. 19656, EEHK
ZXERKH (JA Robinson) I T “HEEE”, XEAEBETIEIEAEFEE
B—NEEHEME]. BLTER, VRERRBERNTERE. 1976FEEEHFF
BRI KA E (W. Haken). B (J.Koch) FIFI{A/R (K.Appel) ZE=4&Ei&E
WENERT —F B, ERTHETAMBOATERENTHE, EHT
—BZTNUEREEREN “HERE” (EEHEFREZLDHTI80FERE TE
ZHNERFE. “wRAANMFERENKE LRFE EMEMLEER.” ).
XRAFATENEALBETHEEERE NS BIFARENREN T
#.

t+ER, RELS5IEFVRUE N NIRAFR S, FEETEKX
BITTER. 19774, REZEZHERRXARLTE (PEREY ERRT (W15
) EH B ST Y —3C, XFRET/LTEBHIBEROHE, N
TO4B I T HLESE B LT R BT B — . ME IR ENL EIEBE T — KHAR R fH
BHFIE LA EE, AT AABEUBINMAL B8, EERF L E A RFE”,
ERF YR T, EFESHINEROHER. BEFERRRTHTRES
HE IR IC[5]. 19854, RXRRLH (RTFREFELANFTR) BRRIREEXR -
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FRMEXETREF AR

REMAGEANRRETEER “RFE” )ERRY. 5EF ERTOAK
BRRAR, RARAMRETAEFEREHN. USARBAE LS A2
R “RAE” WHLEIEZNA, X T BRECEIRALHTIR.

REFZORERERTRESENRLBETERERT, EEENMALT
BBEHTREEFRMMO T, 1999 F, REFEFHBOT T BELE, #
BER LR F RS RS . MARBREEETHETFEMRER, XL
17 7 EAURALE B B X —E AR . 2000 &, KEPBRLFHIHE=RELE
BEFERM, XHRAZERHETE, FOITHAS RS 5w
S

W4, EEREIMAHROEARR, AMIC2 0 LURENMRL 762
EMYBE S RRBEF, FEETENLTIEN. 88 HER, X—Bid
AMUEAFKMVRER, JUTEEAHLRIER. 82 LA. FRARR. 2.
BRYBESHTEAIMNNNA, MABAERLE., BHEEh. KA.
PLEAE. HEVERSUKSSHETBRUETEATR, #0ET —RV®
FHR. BER EBE R X =R Wl R RS BER R AR LI T AL
HEERIE. FINERER. MHEIEURBHERE T L FELRITHRE
TRIIINA. Bl BEERFHENSTERNANRE, UWRIHEIEHE
WHRAMZELEN, BEIRVSRIERNENR. FISHERLH T A ZHkss
B FEBHIE, BAEENRUARN—AESHRNS, BRRATSE
KRE—AEEHE.

B Hik, 2HFCHZEEHT URRETEENREPNES Z46],
Kb+ EM N e BN R LR EA SR RRIEH L ARG BAR
(MKM) th&89iA7], HflAutomath RZ[7). MizarA%E[8,9]. NuPRLZ%[10)
MTheorema RZ[11]%. RLEEFRESTHNLBNERR, NHEE— LR
FE, REAXGEANBES KBS HHE. HEEANES AN R0 58 0 E,
FERHEHURRIE R ERME. 4K, ACL2[I12)FIPVS[13] tiRkiks: A4
KRiE. HEZEZBBEKF. Wiedijk?E “Comparing mathematical provers” [14]H ¥
BENEMMREMKD. BESRTHNEFTHNASERNKFEAFALE
Mizar. PVS. Alfa/Agda. ACL2. HOL. Coq. Otter/Ivy. Lego. Metamath. Theorema.
NuPRL. Isabelle/Isar, PhoX. IMPS. QmegaiX+ H NS e B IEH RS,
WAMEHE T + A MER R LB FWFEEN ALK F . F. Wiedijk F20064E7E
“The Seventeen Provers of the World” [15]% Xi#/NT B Method & 4 ( &5
Dominique Cansellf|2) FMinlog R4t ( d1Helmut Schwichtenbergf| ) X &
BHMEERTHESL. 200 L+ K%, HOL. Mizar. NuPRL. B Method. -
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1Bk ESN EWRS KR BUEA 5 R Mizar ST

PVS. Coq. Isabelle/Isar. IMPS. MinlogiX9/>F i 575 B I K ) 405 SUs A R BE
B E. HEATUEY, BEEEAVSEATER BN MRER .
H, Mizar B B AR $ 808 R EEMizar Mathematical Library(ffi#RMML).

1.2 Mizar R G £ L RIAK

Mizar ZHER—AFIHHEVIEHRELBHT BEFITRERMUNERSE. EESD
2 K ¥ M BT Andrzej Trybulec 4R Mizar th& M S (16109, B8 AL
ELHE=1THENRERY. BV Mizar REHARAXRPBENFIEHFEH
i, RN T RGN — M T SRR B HERNFEEMRIARFR SE,
F LR RS RS — R E AR B E RO, HRSEEE4ER
BEAR R ) AR SR AR R R O LR [1 7]

WA HMizar R 4 R — A R EMizarBUE AR ER B EERR RS, #H
£ P K 19 502 B4 B2 (Mlizar Mathematical Library, Ri¥RMML), [0 3 500 e
& #AFIFormalized Mathematicsfon-linef A<, 7EH B/ _L Bl afpER 259

1973 4E-11 A 14 BEHEZEYREBBEENRZFERERN—KIHT&E
F, Mizar R4 % —IKH Andrzej Trybulec 22 BRI K. MRIRE TRV R
—FATUARBEERFR XN ENES SN LM, HiRHEESEE
_tﬂdﬁﬁ[w]

. BERTHEENRE, Eﬂ%siﬁTUﬁﬁ%Tv’rﬁffﬂ.* FAHHEE
E&,%{%fﬁn

2. BEEESE, KAIWEF,

3. ﬁ%i%g/‘ﬁfﬂﬁﬁE@b%ﬁ@%%ﬂ@%iﬁ%io
AR, BIESE . HRER/EEEH.

5. Tﬂ%%%%ﬂmﬁ%ﬁﬁ~ﬂﬁm$ﬁéﬁém

6. BENHMRIIENR.

# Mizar ZER BRIV, EXRNBEERKESHRBINGE, THERSE
HOAE B K2 B ThAE . 1974 SEFK K .. B Andrzej Trybulec.Krzysztof Lebkowski 1 Roman
Matuszewski &+ #F Fi§REHERIEHN ODRA-1204 REER B —AATLUETH
Mizar £%. RELHPRLETHHESS, W HBTHEEIK, LE%KE%EET
SEA& ERHNIE XA HREEI .

1975466 A, Andrzej Trybulec#32 B — K AL FHIEARR T AR RN
SFBEE—MizariE 5, HTFRENAKRT —BXTMizar-PCHIXE. XF
4R T AT LA Rl Jaskowski El ISR B KRS, FIIBEIEARE MIMizari® & )
IE BRI 2. B AIMizar R 4L 24 W LA (begin ... end). (proof ... end). (... by ...)~

>
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FERHKERREFLLRL

(let...)« (thus ... or hence...) i XFEHE AR RE THXHERIERAITET .
begi
((223) A(gDr)) D(p D>0r)

proot
let A: (pD>Q A(gOT

then B: p 2 q;

¢ gq>Orbya;
let P
then qbyB;
hence rbyc

end
end

ZJE, BEYKENFANER, Mizar-PC N AT & BZERENEEP.

19774, Mizar REH K RHFBBABME, EIIRTHKT B Mizar-PCE|
Mizar-QC/1204 (QCEQuantifier CalculusHI%E5) Bk, HLRT RARER
J1Mizar-QC/6000K) B #5. Mizar R4 4 W] L5 7843 S @ BAUE R, kT
E£EHT. . IR RPHRFENTES, HITHHRILAEAZEEEER.

19784, Mizar RAEE X 5EE LM T KEBHFRE. Bk, EEXTEEX
TR, G, WA, AXNHEFHEBS, RAFAZHMizar-MS (HIMulti Sorted
HHE), BESECABEETRRAETRAZNEITRIET

1978--19794F, #EStanistaw Zukowski, Czestaw Bylifiski, Andrzej Trybulec,
Roman Matuszewski, Piotr Rudnicki, Elzbieta Ramm, Edmund Woronowiczt{L
BROZAT, Mizaa RE LI T Mizar-FCHIFH K.

19814, MizarREFA K AMizar-2B B, A THEXEMABEMRIE. HH,
MizarX P HIA T HZH S . Mizar RZEFEIBM. FIUNIXFAIODRA-1305 (ICL
1900)% £ M AR A8 LIRARIZIT, RARIE T MizariB M EHEREENE
B,

19824E, Mizar-MSE (Multi-Sorted predicate calculus with Equalityfi46 5) Bt
BEMizar REA R BT, KRZERESANEY EFHERSW ERZER. [
E, RABETHRT EMizar-3 (Mizar-2l3 TRAE) Kt —$H5E. Mizar R4
7E1983--19844F F11986-- 19884 4} 5] 523, T Mizar-HPF AIMizar-475 & KB 5EK o
B4 7 R A3t 2 i Mlizar-4 (Mizar-380BRKFHB) BALTIRAI[19].

1988--19894F B Mizar R A A M EE R . 19884F, Mizard AR 2 K
PC-Mizar, }7EPCHL ERINIZETT . 1989FH], Mizar % # EEMizar Mathematical
Library (MML) FFRIERMEMA. K, F—ErEAIMizaXET1H6B R
FTMMLA . RF4--58, TrybulecHZEMERMIFRGITIE T Hi—RMizarX
BEHRE, 3 E FHMizar RS A TEX, 1138 T Mizar SCE 19 AT % « BE# Mizar
BREOTEYT K, MizaaRE BT EFH A 19904, Mizar RGHILE L



R R BENS EHRS RRBIERH S BB Mizar TIHTA

T (Formalized Mathematics) JF#5IE R AR KAT. 1995--19974, (Formalized
Mathematics) 73 %3 EHOffice of Naval Researchft] %t & X ##(19]. F|2000<E, Mizar
HxafiePhat, FTE, MizarthEHIEIZGrzegorz Bancerek##MML Query
Hin3MizarRGEH, fEAEENFEHTHEERMINETIR. 20024, Mizar
¥ % H# 2 BEMM (Encyclopedia of Mathematics in Mizar) 5E[19]. 104, Mizar
RECEARNTILONRE, MMLFHERF T —FLREXE, =5 %A%‘&%ﬁ—:
X, P+ %77 %502 e B [20].

1.3 REARMBEMFIIEX

ﬂiﬁﬁﬂﬁﬂﬁﬁféiﬁﬁﬁ%iﬂﬂ’]m&ﬁ%%ﬂﬁ%iﬂEZ?H‘EE?—
Mizar R BN BENEZIERZ LY, ZEMizaaREPFHHRLES REXNHH
ZHEE (MML), XIFHREEESZH. HERERS. BREXTHSREGE
Bt — P ARNA . BB ENRL SMizar RERERRAR, HHE.
e, B8RS iR EEMizar REF R R ST B 0 5 TRk X mt.

MNEE BERAN R ELRPF=ERNERBEREOMizar RS, B—MEAT#ES
N EX A RFTRRITRMG, BRZEEFZZRF R BHEERMizanE §
FKAEH. BT AJEEZS, Mizar REERHRTE LIV EFE R EEN
WA RIBETH AL, FILTA, FEE. BEEEFNIIEPE %% K Yatsuka
Nakamura#(#% #| fiMizar R4 i B SR 52 T Jordan 1 4 E B IERA, H A%
ATHEEEHE, F8Mizars 5LMTHENBA. FRIRFIRL. Bshibiss).
BFESHEREZHEARETR.

BEKMizarZ K DS N RERIERRRIZ ¥R ETHANTXNA, R
REEGHEUTAR:

1. MizariE S5 K

2. MizarEENT 7

3. Mizar B RE IR A

4. MizarBliFRR K S UL

B X EFEOARSEE, MizarESNEREENZ SR, MMLEKA
REEBIT 7, Mizar RERZ BHEBNKR LS B RE, BiFVFEE
mEE, SHMHEEHTANEXFRAEELELAEME. Mizar) REEE
PR B2 SR (MML) 38, B2 KBS ENEE EEIRIE
HRSE—MizarfI R R. BEH QAT EHEIERFLHRE, MizaaRAH
SEFLFRBENA.
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14 BEMRMEENS

Mizar RS M 1989 B LUK, FINKITERL T £ IKFAK, [FIA$E FEMizar
Mathematical Library (MML) #AKEITE R LMBGE. MizardiiE EMMLE &
FIBETRP B ER, wEEo. REE. JLAZ%. HIVE. Bod. Big.
£E51RE, BXRATHEREESEN. REREBS RRBEXH S RBEH S
HYEBEEFY XK.

AXHFERARTWTF:

1. EFMizarF ZHEBPEXSHR, TR—KEE. ZREH. REH
RE. SARKSHFRRENES ERMEMizar R T HLH,

b2, RERNEN. SARN. BRE. WHRH. TEERN. REARN
LSRG REOHS AR, CHFTRARRAN, EMizaRE TR E
TPk o BRI .

3. KT p(x)=1 ABE S R BUE X HIMizarfEE, HEEMizarR
ZPEXTAR, HFRIETHMER. BERAMizariE F4HBRERESRBTEH
MEX, HHEARTHMR, RNERUEAEGMizar RGHEHR .

AXTEFIWIISHRREESZH .. BHRAEP L KEREXES®REHTE
¥, SERAXERMMIizarSiE, FLWEXEFERREMizarks b,




FHREBESZHRS REBEXH S RBEHA Mizar THIIR

2 MizariZ s

2.1 MizariZ g

MizariE & 2 —FHF B HERHEENTENES, CEBEEXTER. HFN
EBEIFSEAMASCITE, XEEAFSREKEEANEERS5—RIASCH
BHES SRR E XK. MizarE §2IFEIATRFE. AR RAKN—FHERFL
EE. HFERWTERSER]]: FNEE. £6&8. —REHEXR). EX
EE. SHER. EEREARY. BRAFIIGE). BE. MRS, JLAE.
ME. EMERE.

R IMizariE FECERMEEAREER: reserve (U BHETEHD.
let (“4EEBE” i) consider (“FIEHE” ). reconsider---as--- (FIEBIEH
#i8)). for---holds++ (EFR&AF). implies (HEHEF ). suppose (H+FiTiL5I
81@). assume (R, given (FEEMB5IFE) | now...thus... (FEHkiE
#F2) . such that'5st (&3] 8148). then (FIEEEIE). by (KIS T,
from (45HKIESI B ). thusShence (£i05|FH) %%,

EA— AN HEKRE R XA EEEMENREFERN. EREACHER
HEESANEAWERFESR, WakHeE. FERAE. RIEE. R—HiE
REEE.

2.2 MizarXL E 4514

Mizar X ERAE FiMizariZ 5 TE N &, BEESZUREFEEEIEAR
TR SCE, R AMizar R G GBI AEVHEHL EXY KBt TR R itk &
T RS HERR TR M izari® U K RIE BT E (Formalized Mathematics)
F, HWFEEMizarBUFEBIEEMML)Y . §—EMizar CEERICAICMH, TR
FEAET—A AR G P TR E i . Mizar A ISP —— 5580 (the
environment)5 1E 3 #B 43 (main section). Ll “environ” FFiH, LAF T4 K.
EXEALA “begin” Frih, UASLER. EEXHIHAERS, TUREFE
H “begin” ¥ IEXEH 2 BN PMEBR, B—NPEEHEH LbeginFF g, LU
SER(NE2-1H7R).
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environ

The environ section ;
begin

The main section 1;
begin

The main section 2;

begin
The main section n ;
B2-1 MizarX F 65— 4
Fig.2-1 the frame of Mizar articles

HIEE (“environ” #4) EEMRXFHTIANAL. 5. €. Y€
X R T EHEE 2-2 Fizs). “vocabularies” #84MRIXES|IRHIA
LFXR, ARBRATEFEACHEENLER WRESEFHRARRZEDT
XEZHFI S BNF AL R . XRBEREEE T MERAEIEEE e XEF
MEEMEIC, CTUREFELCEXFHNEIC. “signature”  #4 (BH
notations, constructors, registrations, requirements JU43) i 50 Mizar LB 25X 5
XEAUFAKATHERLERNFS. E—BXEHFTURESTE, FHALC
5132 H i VE SR A L& T BB (1 Mizar RIAH . “definitions”, “theorems” FI
“schemes” B & 1 Mizar 232 88 7] LME FHIX 5| R FEPRYE X EEAER
%. ,
EMizar X EFEEFARAFEFENE NS E R, LI E XHE B
R RIS BRI SN 5 K. WREXEFEXTHME. FRSHFSE
1%, AREERABXENAELSARERTHNNLE. AEETHAD
W, ETEMzaaREPHAASRE.



BHREEESZEHRS RRBEXNS R BB Mizar TIFTR

5 ! vocabularies Q,,a,,""",4,

n |

| notations Bbyeesb, ;

#% signature :Econstructors GGy
| registrations  djydyye-r,d, ;

requirements €,6,°",8, ;

ks definitions S Sorrees i ‘
g theorems 8158252 &n 5 !

£ éschemes h,hy,esh,

e et m e eeeememmem e emseemmemeeccsesenns

B 22 BRI A £
Fig.2-2 the vocabulary of environment

Ha,a;,,a,, b, by RRET| R Mizar XX E 4

Mizar XERIEXTF—REE LT ILMESR:

1. FSHMR. AXREHETE GRRF) KREL

2. EXHH, AkE XHEEFE X Mizar 111575, B functions (3
LETFHIE). predicates (ARME) F modes (KEE) F.

3. MR, ARkEXFEH. —NMHEHEMRNSERR 1%
¥

4. EFERIEH. FAXAEFESFHITIERA. EB) Mizar BEE RS FEGE
BERIELRENTHEEEEBERLESIH.

5. ®WEER. 8T —HARXETUFANSLEEE, BXERAETR
SPRFBEIEES, HEeXEBAESIH.

Mizar 3 Z # IE 30 ¥4 £ E i1 5 L definitionsF1 € Etheorems ¥ i . & ¥ AJHE B
BL “proof” F3k, L “end;” &R, ZEHRBN HM. WREMLRFHEIERH—
/N, 4K/ B AIE Bt R EUF RO #E X, nEI2-3:



FREBAFHREZLRI

theorem A formula that is needs to be demonstrated

(BRAERHTHEINK)
proof ...
A little proposition that is needs to be demonstrated
(F B3N N H)
proof ...
end;
thus(hence) ...; )
end; ]

23 ZRIERY—REH
Fig.2-3 the frame of the demonstration

AR MizarXES, “” (WES) RAMABNFL, RERER
HEARHWERE S HREHITRIE. “@” RERKS, BUE “proof” Hi, &
AR RGN Z “proof” M5 EMIHIM “end” ZABEALERATRE,
BOARIER. :

2.3 MizariE § IR A TIEF S 5RFFZXRIL
23.1 MizariBE B X RIAFS

MizariB & & OB T AR MM HS, KRS MR kid F—& 0
ASCISZ R & KRBT E X SRE . BHMTE:

v
IN
H

BRNFERET |V |3 nju |e |9 |< | <

MZERS

Mizar EERG R |for [ex |>= |<= |< [/N[\V/ |in | {} |C=|iff
WBERS |

A2-1 EAKFSHAMizariE T 24 FHEHSF

:2.3.2 Mizarid & B XIZZAL
MizariE 5 FHBEEHEE X, EHAEE —BMizaa X ENLEHRL. TH
¥Mizar CE K IE S BB R —BIF R — TN 4A.
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R BEN EWRS REKIEZH 5 B EEH K Mizar SRR

1. 48R 1= Preserve

TERFRFELEEXE D FFIEH “begin” Z /5, REH AL E Hreserve H I K
ic) = A B

begin

reserve Z for set;

reserve X, y for Real;
reserve { for PartFunc of REAL REAL;

H reserve T i L HI B, Mizar REAELER IR, MEBKINZ HES,
X,y JSEH £ R EEUR B LR LR TN FEXH S RETEFHNEE,

BRI AR R HERIMEY, TN Mizar RETARNRFEN SR fl0:
ex m being Element of NAT st m>n by XREAL _1:3;

HA m ®HTE reserve PREFEHEERE, FUSRIERNTENRY being
Element of NAT (BABEHTR) »

2. #5idimplies

implies FI TEBHIXRA, REMHSERZBMEREH. . AoBARTHA

A implies B
XERERA. BAIFEENARKR.

3. &FRA@for -+ holds -
(1) —REIEERE
for x being set holds A(x) (fE%5x, BEHEHIA(X))
(2) EH&HMEERRR
for x being set st B(x) holds A(x) (fF#4x, #%/EB(x), REHEHIA(X))
3) AFERMEERE
for x being set st B(x) holds ex y st A(x,y) (fF45x, #EB(x), AILMEHFEY, 7
AX,Y)RIL).

4, fitidlassume

assumefﬁ:lzglf\ RS Fﬁ?%ﬁﬁ%ﬁ:ﬂ’]ﬁﬁ Filn:

assume x in dom f (RBXZESHIE SURH).

5. KRS FREby S HHKYE 5] Fidfrom

EMizar R4S, EARENESHEFT RO RKE, —REATERS
WHKIE dBbyF| 2. ﬁ“ﬁ?ﬁTUEEWiFMiz&%{ﬁﬁB’JIEE{“Eﬁ%ﬁ(jﬁﬁ
(BRAEMMLY X E, %%AEdJﬁEﬁEF%ﬁﬁ absHIR W E, MEFREE
véi‘i’ﬂjf‘}!ﬂ’li)(ﬁiﬁ, #EZJJ%@A%X*H%EEZJJ%F#, EBETRER
BT B MASCIRBEEEZ), AT LR EAE B B 18 30 fY EAE B L dr

12



B ESRBAENAEFMRX

. Bl

assume Al: x in X;

A2: X c=Y;

x in Y by A1, A2, TARSKI:def 3;

by 5| S EHEFEKEE, HF Al A2 X Mizar 8P IRS, EREX
BEFRALBIEAL W, AAEMEIH; EF /MK KD TARSKL:def 3, HHE
FESIH, BISIAT TARSKI XM XEFHE=NE L.

from [F] by fIThEE—B, XFHZET from 5| FHL KB LIRS R
scheme. #1%0: ’

consider s1 such that for n holds s1.n = F(n) from SEQ_1:sch 1
PLIR A ) RSEQ_I B P &40 tiRsch 1, #from3| S,

6. ERiEHiAthen, 405 FidthusfI-E ERXRM LT Fidlhence

thentf =3 T3 RA “Fril”, BIREERNEEERRXARNGM, thusFk
5l RMEL4 R, thusbl LEX G EHSERS, KigBRERLHKIZE L. Mhence
thenSthusf) & Bid], 3R FthenfthusiiThEE (FFEE R A hence = then +
thus), ATHETEHLE R, Flw:

Al:A=B;

A2: B=C;

thus A=CbyAl,A2;
R MAhence, LiRIEFAERE A AT &RR:

Al:A=B;

B=C;

hence A=CbyAl;

7. %145]% idsuch thatfist

FHSIFAEART FREHGEFREMTENHLO &M, £ X EEH
RiR P Rstits\, TEMREMIE L2+ Asuch thatlE R .

8. “ERBCE i letFI“FEZEH £ 1A consider

FEMizariE 5 P RAEEE BECHEBEA: letMconsider. let—f ALK
A “for ... holds ...” WIEBITESF, Hfor5| SHIFMMBHMNN, RRFEFRLS
BREKFHHZED, FENE—MEHBIE, METFHEEHESGERL.
consider “ex” B|FMF&MFaBAAX L, REXMFEREMEHHEFITHRE,
METHEELHENENEE, BHELFHENEGHES TR,

9, ¥iEBit#Hireconsider «++ as - ' _

ERXMHES, BETENHIELEERTREN. réconsider...as... R
B SRR, fi.



RRRHES EBRS REBEZH S5 R HERE Mizar THHR

reconsider yl =y as Real by ...
AP E Ry IRy, LM TEEyHEERRealiyiE,

10, 43Kt 5| Fidcase . ‘

MizarP 4t R/ ESKITRE, £LHSENEERE, REXNE—
RS, ffcaseXX 2 HI5 FHATHEIES, BEAHEMERITIREE
BALRHIMAL,

11, FFE#M5IAidgiven

given 5| SEEH R LM, £ now F consider BI&KiF, FH MR (now)
FIBLSE (considen) I MAME R, BEFSEBRATGIRFRNY: given = now + consider.
it

theorem (ex x st A[x]) implies for y st B[y] holds C[y]

proof

given x such that A[x]; :: given5| FHFEHM T EMA——ex x st A[x]

“lety; = let G BRIA P for5| M K HX

......

12, ¥ 5% A iy Bnow...thus...

Pnow FF 5 ¥ AUV IR dy B ATIE B vk, — M EKnow Hij & A then. thussg
hence® &, :?:':ikﬁfﬁﬂiﬂi%%ﬁﬁthusféﬂﬁﬂ‘]é’éiéﬂ‘iﬁﬂﬂﬁﬁHj, A& Fthesis
%'fﬁo gl]ﬁut

......

. =, BMUEBA T #rE: A impliesesx stB 4
thus B; BIERME R FEBRIR, TAREHhesisf{LE

2.4 Mizar AR RYIERR 73K
Mizar & 2 TJaskowski B RIESHEE T H RZEMBTAK, WHEFEER
BEHBHNEATHTE,

14
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24.1 —RASIEPBER

Mizar® & F 0 — i B RIRIR 5 AR FE S A BPRER U, BN

PR

1. FRiBHE
theorem P[X]
proof

......

2. 54 (&)
theorem P{X] & Q[Y]
proof

......

end;
3. #ESHE (implies)
theorem P[X] implies Q[X]
proof
assume P[X];

4, FHrai Gff)
theorem P[X]iff Q[X]
proof

......

thus Q[X] implies P[X];
end;
CRE
theorem P[X] iff Q[X]
proof
- hereby
assume P{X];

2 PXIRRTF X B)—/ an i

S PXIEXT X H—A A
s QIYIRXTFY #— i

:: P[X]=Q[X]

= P[X] e Q[X]

15



FHRRBES ZEHRD KB BIE N5 R HE R A Mizar THA

end; 23X end 55 hereby MXT R, KT HEL
assume Q[X];
thus P[X];
end;

5. &A@ (or)
theorem P[X] or Q[X]
proof
assume not P[X];

6. K& H (for -« holds - )
theorem for X being set holds P[X]
proof

let X be set;

thus P[X];
end;

7. FEME (ex - st = )
theorem ex X being set st P[X]

proof
take X;

......

242 BEXEBAEZ
1. B

BEZHMNGENZGHE, BdEHAEMNESIEBEGENSL. W
il “Fa, Wb”:

a implies b

proof
assume a; caR &
thus b; :: UEBAbARAL

hence thesis;

16



B BRI XETREFAIR I

end;

2. RiE&E .

Rk, XHFESE. LHE, BREGESRHE@ERL, B EHE
BIHES LR, BHFE. “contradiction” HI & RIFZEKFFR. A “Ha,
Wb

a implies b

proof

assume a;
assume not b; iR AEbAAL

thus contradiction; s AEAFE, a5 IEbARE R B AL

end;

2.43 HoGEAIER X
1. iEH5wmE

ik, REGGERRSNMDIGE, BN PaBEEMER, CTERED
TR ERHHESH. WaE “a&b&c”:

a&b&ec

proof

------
......
------

end;
2. iEHSHAE

MEE, REHENGEEE “EHRE” B “HRE” BNMFTRNEGE,
BN GRERG, BABIE) RRAREAN G E SRR IS 1T HRZIER.
A “aiffb”, HPEATHEAME “aimpliesb” H “b implies a”;

aiffb '

proof

assume a;

......

thus b; i HEEESH a=b

17



PR R B E S EB RS RERFUE M 5 RBEHH) Mizar TR

assume b;
thus a; :: iEBH b=>a, Bt a<=>b
end;

3. EBE AR

B—FHEE, RERER-N4R, Ed4HEEN, SREES M EN
iEH.
W “aorb”

aorb

proof
assume not a,

thusb; - = HEEIEHakb
end;
aiFaorb

proof
assume that A:not a and B:not b;

thus contradiction; ' . LIEEIEHagkb
end; .
4., EAFEHWE
X FaBOEEEE, —8&AH “take” EBEIEH. WMaFA “ex x stP[x]™:

ex x st P[x] -
proof
L:P[a]; '  EWAEHA Ja, 7% 2 P(a)
take a; :: Bla, BPfJthus thesis by L;
end; .

SeRFE, 7E Mizar PRSI E RN RRAEERU EURINES, SR
HOIE B th B B BT B S .

2.5 Mizar B = P RIEN (Definition)
Mizari%"‘a’fxﬁﬁq’, StE X BIERT 278, EXMBETESE, WEES

AT, MizariE S TR E X EEAEHE X(modes). 1§17 E X (predicates). 5
F5E X(fuctors)s JBYEE X (attributes). clusterE X £ E L (structures). XfFA



H BRI RERREFLILL

FI5rKHIE X, REXRE TR ENEEEN—BMERTT IS B ZE IS T
VIARE, WR2-2F17/R([22], “o” RAHBEUEY, E “o” KLY,

Existence Uniqueness
Mode (X)) o
Pred (i%i8))
Functor (¥-F) o o
Attr (BH)
Cluster ) o o

£2-2 ZLiEALE

¥ € X IMizar L EHEZE L —MNB X EIFICH, ZXHEXER
%, BlvocHER. WRIEMMLAISEFHIHTH Fr € B < B ECR 2RTC HUE
FEF (vocXX ), HLH & XMARBEAHE EMizaiEEF EHFENHELRAEE
B, XATFARRYAEX, ACEABERALRTIRE. EFHEXHFTR
AREMHEH, FRA-ANKEFERUHRE, AERRAER2-322].

Symbols ( KRAFH&) Things that are defined ( £ X X% )
M Mode (#X)

Functor ( ¥F)

Predicate (3§74 )

Left functor bracket { £465 )
Right functor bracket ( &35 )

Structure ( #5#3)
Selector ( &-F )
~ Auribute (Bht)
#2-3 AARBEREFER

< o ®” = O

vocSLHFHIBI B MU BRI 2 : B EEERTERN— I KREFEE, HEERE
FE XK S, ENZEAHENERELAFERE. 53, SFHeXHE
F, ERBVFRBOMFEGACEE, BURMEEMIB2552 RBH—8Z,
BERNEHHEFERFEEMES, ERENRRMEL K64, TR2-4RMizar
X EFUNCT_1#53iC ¥ ——FUNCT _l.voc, 7EM%(iF 3t 5 B8 3 Hy Mizarst
IR ot 25451 15 BA A B e X

19



HHRRYESEFRDRABIEXH 5 RN Mizar TRFR

FUNCT_1.vOC
VFunction-like

MFunction
0. 100
Oid 128

Vone-to-one

A2-4 FUNCT_LVOCH# 418 % X, .

2.6 Mizar G RZ B IBERE RAUG S

X FMizarig L HEL B HIRAKE R, Mizar RENMERRRIRIERIRSH
HAriR, MEERXHEENERLANRES HERE, NETESRNER
EBE. THNME—TMizar RERR B LHIEH@4L.

1. mizf REREIREHSE. (EXERGIRESENETIEITmizf
w2, UREMizarid U RAHESEBHEEN EHNE, BRRXPELERPFAMAER
=g, )

2.erflag  HWREARGS. BHAMizar RGEX 8 SCH IR RF INFR L.

3.notepad FHRFEF R RILITH.

4. listvoc BRI CEMEILME.

5. checkove BHRBFEABHMFSHIL L.

HAMER IR Z G, I TMizar R4 B O H AL @ S FN X EHITEE
i, EEFUT/\AN@4:

l.trelprem RRXEFFERH5IH

2. chklab RN EPEZRIIFS

3. inacc RRXEFZROBIESR

4.trivdemo KRN EPEZRMIEATE

5.relinfer BB CEFRSRPARLOSE, SHEBNERE

6. reliters ?ﬁ%ﬁﬁ*g’%ﬁﬂﬁﬁiﬁﬁ

7. irrvoc RRIEH S L KHRLT

8. irrths REIFEHF B REER

Hob, imvocfr 4 SmizfAr 4R HIET, W L5 BN I 4 5 notations Hl
constructors B B IR R . F b, irrthsdr 4 AT LLIFE F 4 theorems Mschemes
HAaIAZE. U ESMUL A4 LA 55 % BRtr QerrflagZll BI1B1T, 7 RE5E R

20
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2.7 MizariZ & AR EH AR

Mizari & RAMBCEERENR AR BEFRT AL, BFORATUES
77 M3 http://www.mizar.org/ Fhttp://markun.cs.shinshu-u.ac.jp/pub/mizar/ b & %
=3,

21



HHRBEENERRS RRFIELH S RBIEEH Mizar TR

3 $5RER EE S E B RIMizarLH

Mizar ZGERRESEEEARGIESR, BEF—BROTEINGE, NEESE
7 Z B 1 Mizar TIBRFHIEIL T X— &

7 Mizar H#EE (MML) F, 5. ERREXSHXEROEELTE,
EREFAASNMFRREES 21, LREFAHEAR. FEFEFRNAHE
PA_ER ALl Mizar RER B

3.1 BHRERNESES

RBHARESERECESE. A BELHHENRGESREG
HOZWA A, Bl MO ARNEERE. MENEENS. SHEE. BF
BRAEE%23]. FFERIENES € BA BMizarRAFIEB 7. FrE ey
W F T MML ¥ ) DIFF_2.miz[24] ¥, & & F 2008 ££ {4 Mizar # F| Formalized

Mathematics .

3.2 HHREHES EFHIMizarSiH
Mizar R%H, CEEEFES KM ERMRSEHEXER. ERERE,
BEE—PATHR, TUSHEFRRENESSEH AN,

321 BHRERESEFNNESRESTEER

Mizari® SCH) FHiR RIS, ERIUREVIMN, A Riie A mMhRAN TR
BEFRESIH, URIFHEELMAERHF IR TELE R, EMBERFERAEH#T
AR YR Elﬂs%ﬂjt’éiﬁgm—bﬁ}:ﬁfﬁﬁﬁﬂﬁ%%%‘t W

environ

vocabularies INCPROJ, ARYTM_1, SEQM_3, SEQ I, FUNCT 1, ARYTM 3,
SQUARE_1, SIN_COS, DIFF_1, ARYTM, RELAT_1, JGRAPH _2, SIN_COS4,
VALUED 0;

notations SQUARE_1, ORDINALI1, XCMPLX_0, ZFMISC_I, REAL 1,
NAT_1, NUMBERS, FUNCT_1, FUNCT_2, VALUED _1, SEQ_1, SEQFUNC;
RELAT 1, SIN_COS, DIFF_1, XREAL_0, VALUED_0, JORDAN16, SIN_COS4,
FDIFF_9;

constructors SQUARE 1, REAL_I, NAT_1, DIFF_1, PARTFUN],
PARTFUN3, SIN_COS, SIN_COS4, JORDAN16, SEQ_1, FDIFF_9, SEQFUNC;

registrations XREAL: 0, RELSET 1, MEMBERED, FUNCT 2, NUMBERS,

22



# BRI S A X

VALUED_0, VALUED _1;
requirements NUMERALS, SUBSET, BOOLE, ARITHM;

IEXXCES LA “begin” FFoh, HEFWXETTEEAREMNSIEREY, T
begin
reserve h,x0,x1,x2,x3,x,a,b,c.k,y,z for Real,
f for Function of REAL,REAL;

322 HHRERENEH B MizarFid 5EM
BATRIT SRR T : — KR KR E. REUFIRHE. =HRiek.
T .
—RERBEA A
fxX)=ax+b
£ Mizar R4H B X AffineMapab)R R, HHAGELSARKREA:
theorem :: DIFF_2:24
for x holds fD(AffineMap(a,b),h).x = a*h;
“theorem” 5] “::DIFF_2:24” R/ @ B R F3CE DIFF_2.miz[24],
RXEPHE 24 M EH. EHPH x AEEZLHE, D RRAGES, h BRE
K, *R7RFES. LT oD RRMEESD, oD BREFLESL

REEFAREKRA:
theorem :: DIFF_2:25
for x holds bD(AffineMap(a,b),h).x = a*h;

PLESARKRER:
theorem :: DIFF_2:26 '
for x holds cD(A ffineMap(a,b),h).x = a*h;

—MERLARAREH
theorem :: DIFF_2:21 :
x0<>x1 implies [!AffineMap(a,b),x0,x1!] = a;

ZHhERLAREKRR:

theorem :: DIFF_2:22

f x0,x1,x2 are_inumally_diﬁ'erent implies [{AffineMap(a,b),x0,x1,x2!]=0;
X B E x0x1,x2 AR x0,x1,x2 are_mutually_different 75 .

23
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EMERAREKRA:

theorem :: DIFF_2:23
x0,x1,x2 x3 are_mutually different
implies [!AffineMap(a,b),x0,x1,x2,x3!]=0;

— R B 5 Z A Mizar 30 KRR H[24]:

(24) For every r holds (fD(AffineMap(a.b).h)){z) =a-A.

(25} For every x holds (bD{AffineMap(a.b}. h))(z) =a- A.

{26) For every x holds (¢D{AffineMap(a. b}.h}}{(z}=a - h.

(21} K xzg # 2. then A(AfineMap(a,b). 20, 21) = a.

(22} If zg, 2. T2 are mutually different, tlien it AffineMap{a. b), 20,71 . 22!) =
0

(23} Hzxg. 11, 2. 73 are mutually different. then ! AfineMap{a.b). zp, 21, Z2. 23! =
0.

ZIRRBER A
f(x)=ax’ +bx+c
B EP ARRAER:
theorem :: DIFF 2:31
(for x holds f:x = a*x"2+b*x-+c)
implies for x holds fD(f,h).x = 2*a*h*x+a*h"2+b*h;
x*2 TR x BIER .

BEEZDARKREA:
theorem :: DIFF_2:32
(for x holds f.x = a*x"2+b*x+c)
implies for x holds bD(f,h).x = 2*a*h*x-a*h"2+b*h;

PLESFAREKRN:
theorem :: DIFF_2:33
(for x holds f.x = a*x"2+b*x+c) implies
for x holds cD(f,)h).x = 2*a*h*x+b*h;

—HERARERY
:theorem :: DIFF_2:27
© (for x holds f.x = a*x"2+b*x+c)
& x0<>x1 implies [!fx0,x1!]=a*(x0+x1)+b;

24
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ZHrERARKRR:
theorem :: DIFF_2:28
(for x holds f.x = a*x"2+b*x+c)
& x0,x1,x2 are_mutually_different implies [!f,x0,x1,x2!]=a;

EMEBARRER:
theorem :: DIFF_2:29
(for x holds fx = a*x"2+b*x+c)
& x0,x1,x2,x3 are_mutually different implies [!f,x0,x1,x2,x3!]=0;

TIRRHBES ETFE Mizar 3P HIFRR H[24):

(31) If for every r holds f(r) = a-z%+ b-z + ¢, then for every z holds
(ID{f.h))(z) =2-a-h-z+a-h?+b-h.

(32) If for every z holds f(z) = a-z? + b-x +ec. then for every z holds
(bD{f.h))(z) =(2-a-h-z—a-h%)+b-h.

(33) If for every z holds f(z) = a- 2% + b-z + ¢. then for every = holds

{eD{f.h}}{z}=2-a-h-2+b-h
{27) Hforevery z holds f{z)=a- z’-&-b x+cand g # ;. then A{f. 20.21) =

g-{xg+11)+ b
(28) H for every z holds f(z) =a-22 + b-2z +¢ and xg. 71, T2 are mutually

different. then f.zq.2:.23!) = a. .
{29) If for every z holds f(z}) = a-23+b-2+cand 19, 2. 2. 23 are mutually

different. then !f.2¢.21.22. 73!} = 0.

R B RE RS

-4,

RETED 2 RRABR:

theorem :: DIFF_2:38
(for x holds f.x =k/x & x>0 & x+h<>0)
implies for x holds fD(fh).x = (-k*h)/((x+h)*x);

CWEEFARKRR:
theorem :: DIFF_2:39
(for x holds fx =k/x & x>0 & x-h<>0)
implies for x holds bD(fh).x = (-k*h)/((x-h)*x);

FOLEFARRRA:

25
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theorem :: DIFF_2:40
(for x holds f.x =k/x & x+h/2<>0 & x-h/2<>0)
implies for x holds cD(f,h).x = (-k*h)/((x-h/2)*(x+h/2));

—HEBARERA:

theorem :: DIFF_2:34
(for x holds f.x = k/x) & x0<x1 & x0<>0 & x1<>0
implies ['£x0,x1!] = - k/(x0*x1);

“HMERARKRN:
theorem :: DIFF_2:35
(for x holds f.x = k/x) & x0<>0 & x1<>0 & x2<>0

& x0,x1,x2 are_mutually_different implies [!f,x0,x1,x2!] = k/(x0*x | *x2);

EMERARKRER:

theorem :: DIFF_2:36
(for x holds f:x = k/x) & x0<>0 & x1<0 & x2<0 & x3<0
& x0,x1,x2,x3 are_mutually_different
implies [!£,x0,x1,x2,x3!]=-k/(x0*x1*x2*x3);

& E ) Bk B E 4 Z B E Mizar 3P RIRIB H[24]:

(38) If for every r holds f{x) = £ and z # 0 and xr + h # 0, then for every 2
holds (ID{f. h)}{z) = =252 .

(39) If for every z holds f{x} = £ and z # 0 and z — h 3 0. then for every z
holds (bD(f.h}}(z) = =52

{40) Hf for every r holds f{z) = -;5 and r + % # 0and z - -;‘- # 0, then for

— Vi e =keh
every x holds {¢D{f.h})(z) = EiaT

(34) If for every z bolds f{z) = £ and zp # x; and 25 # 0 and 2, #0, then
Af. rg. 21) = —;Ji’;;

(35) 1If for every z holds f(z) = £ and zg # 0 and 2; # 0 and 22 % 0 and 7,
z1. z7 ere mutually different, then V. zp.2:. 22! = Ez—*};;

(36) Suppose for every z holds f(z) = £ and z; # 0 and 2, # 0 and
22 % 0 and 23 # 0 and zq, ;. 2, Z3 are mutually different. Then

:f!f.I{;,xg‘.rz.zg?} = —-m

SHEREE, LR

y=sinx
Jofl. HEWESFARKRN:
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theorem :: DIFF 2:42
for x holds fD(sin,h).x = 2*(cos((2*x-+h)/2)*sin(h/2));

[EESAARRA:
theorem :: DIFF_2:43
for x holds bD(sin,h).x = 2*(cos((2*x-h)/2)*sin(h/2));

PLEFARXKRRH:
theorem :: DIFF_2:44
for x holds c¢D(sin,h). X = 2"‘(cos(x)*sm(h/2)),
l
—MrEZEBARKRA:
theorem :: DIFF_2:41
[!sin,x0,x1!] = 2*cos((x0-+x1)/2)*sin((x0-x1)/2)/(x0-x1);

B3 y = sinx Z5 Z 1 7E Mizar WX F IR H[24):

(42) For every r holds (fD{the function sin. h}}(z) = 2 - (cos{ 2Z+4) -sin{})).

}  For every z holds {bD{the function sin,h})(z) = 2 {cos{ 23 ""} -gin{2 "}}.

{44) For every r bolds {¢D(the function sin. k}))(z) = 2 (cosz - sin{%)).

{413  Afthe function sin.zg.2;) =

X et 2.
2-cn8 _.-,—.L 51y _-T-L’
Fo=2T1

CA 4R R B0 = 2 E R R R BIF Bid 25 WX EDIFF_2(24].

3.2.3 HHREHE S ERAIMizaniE B

LUK R B

f(x)=sin® xcosx

A, HRHENEREMizart 2N FTLIAT.

Mizar 5% 3

f(x)=sin’ xcosx

F sin(#)sin(#)cos RETR, HEBMWANES CEREWTF:

theorem :: DIFF_2:62
for x holds fD(sin(#)sin(#)cos,h).x
=(1/2)*(sin((6*x+3*h)/2)*sin(3*h/2)-sin((2*x+h)/2)*sin(t/2));

R MML & E.’ﬁH’Jr‘] BIZENESN, TEMI Mizar KB T

proof
let x;
set y=3*x;

27
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set z=3*h;
fD(sin(#)sin(#)cos,h).x
= (sin(#)sin(#)cps).(x+h)-(sin(#)sin(#)cos).x
> *4
.= ((sin(#)sin).(x+h))*(cos.(x-+h))-(sin(#)sin(#)cos).x
> *4
= (1/4)*(-cos((x+h)+(x+h)-(x+h))+cos((x+h)+(x+h)-(x+h))
+cos((x+h)+(x+h)-(x-+h))-cos((x+h)+(x+h)+(x+h)))-sin(x ) *sin(x)*cos(x)
> *4
= (1/4Y*(-2*(sin((2*x+h)/2)*sin(h/2)))
~(1/4)*(-2*(sin((y+z+y)/2)*sin((y+z-y)/2)));

> *4
hence thesis;
> *4
end;

X TEES S RMEE, &I14 y=3x, z=3h. T “*4” WRRE Mizar REF
BITRIEMR4 mizf 5, BIEHE, FRROKE.
ZBEMEE, RAKEEREEMizarP IR IEALRDT:
proof
let x;
set y=3*x;
set z=3*h;
fD(sin(#)sin(#)cos,h).x = (sin(#)sin(#)cos).(x+h)
-(sin(#)sin(#)cos).x by DIFF_1:3
.= ((sin(#)sin).(x+h))*(cos.(x+h))
~(sin(#)sin(#)cos).x by VALUED 1:5
= (sin.(x+h))*(sin.(xth))*(cos.(x+h))
~(sin(#)sin(#)cos).x by VALUED _1:5
= (sin.(x+h))*(sin.(x +h))*(cos.(x+h))
~((sin(#)sin).x)*(cos.x) by VALUED 1.5
= sin(x+h)*sin(x+h)*cos(x+h)
-sin(x)*sin(x)*cos(x) by VALUED_1:5
= (1/4)*(-cos((x+h)+(x+h)-(x+h))+cos((x+h)+(x+h)-(x+h))
+cos((x+h)+(x+h)-(x+h))-cos((x+h)+(x+h)+(x+h)))
-sin(x)*sin(x)*cos(x) by SIN_COS4:38
= (1/4)*(cos(x+h)-cos(3*(x+h)))-(1/4)* (-cos(x+x-X)
+cos(x+x-x)+cos(x+x-x)-cos(x+x+x)) by SIN_COS4:38
= (1/4)*(cos(x+h)-cos(x))-(1/4)* (cos(3*(x+h))-cos(3*x))
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= (1/4y*(-2*(sin((x +h+x)/2)*sin((x+h-x)/2)))
~(1/4)*(cos(3*(x+h))-cos(3*x)) by SIN_COS4:22
= (1/4)*(-2*(sin((2*x+h)/2)*sin(h/2)))
-(1/4)*(-2*(sin((y+z+y)/2)*sin((y+z-y)/2))) by SIN_COS4:22
= (172)*(sin((6*x+3*h)/2)*sin(3*h/2)) -(1/2)*((sin((2*x+h)/2)*sin(}/2)));
hence thesis;
end;

Mizar P 8 — SRS HFE by (FHfrom) 5| FME X EHNAHEIR
VRS R, HEEDGERILKE. LRIE SR PDIFF_1:3%RFMizarig 3C
DIFF_1.miz 2 [ #E#3, VALUED_1:5% 7~"Mizari@ 3LVALVED_1.miz & [ E#
5, SIN_COS4:38% RMizarit LSIN_COS4.miz B EifyE #38, SIN COS4:22% R
Mizari$ XSIN_COS4.miz B € 722

F2, B

f(x)=sin? xcosx
MREES EERR EHTENT:
theorem :: DIFF_2:63

for x holds bD(sin(#)sin(#)cos,h).x

= (1/2)*(sin((6*x-3*h)/2)*sin(3*h/2))-(1/2)*(sin((2*x-h)/2) *sin(h/2));
proof

let x;

set y=3*x;

set z=3*h;

bD(sin(#)sin(#)cos,h).x = (sin(#)sin(#)cos).x

~(sin(#)sin(#)cos).(x-h) by DIFF 1:4

= ((sin(#)sin).x)*(cos.x)
~(sin(#)sin(#)cos).(x-h) by VALUED _1:5
= (sin.x)*(sin.x)*(cos.x)
~(sin(#)sin(#)cos).(x-h) by VALUED 1:5
= (sin.x)*(sin.x)*(cos.x)
~((sin(#)sin).(x-h))*(cos.(x-h)) by VALUED_1:5
= sin(x)*sin(x)*cos(x)
-sin(x-h)*sin(x-h)*cos(x-h) by VALUED _1:5
= (1/4y*(-cos(x+x-x)+cos(x+x-X ) +cos(X+x-X)-cos(X+x+X})
" -sin(X-h)*sin(x-h)*cos(x-h) by SIN_COS4:38
=(1/4)*(cos(x)-cos(3*x))-(1/4)*(-cos((x-h)+(x-h)~(x-h))
+cos((x-h)+(x-h)-(x-h))+cos((x-h)+(x-h)-(x-h))
~ =cos((x-h)+(x-h)+(x-h))) by SIN_COS4:38
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= (1/4)*(cos(x)-cos(x-h))-(1/4)*(cos(3*x)-cos(3*(x-h)))

= (1/4)*(-2*(sin((xH(x-h))/2)*sin((x-(x-h))/2)))-
-(1/4)*(cos(3*x)-cos(3*(x-h))) by SIN_COS4:22

= (1/4)*(-2*(sin((2*x-h)/2)*sin(h/2))) -(1/4)*(-2*(sin((yH(y-2))/2)*
sin((y-(y-z))/2))) by SIN_COS4:22

= (1/2)*(sin((6*x-3*h)/2)*sin(3*1/2))
-(1/2)*(sin((2*x-h)/2)*sin(h/2));
hence thesis;

end;

EE
f(x) =sin? xcosx
e LESEERERIEHIREWT:
theorem :: DIFF_2:64
for x holds c¢D(sin(#)sin(#)cos,h).x
= ~(1/2)*(sin(x)*sin(h/2))+(1/2)*(sin(3*x)*sin(3 *h/2));
proof

et x;
set y=3*x;
set z=3*h;
cD(sin(#)sin(#)cos,h).x = (sin(#)sin(#)cos).(x+h/2)
- (sin(#)sin(#)cos).(x-h/2) by DIFF_1:5

= ((sin(#)sin).(x+h/2))*(cos.(x+h/2))
-(sin(#)sin(#)cos).(x-h/2) by VALUED _1:5

= (sin.(x+h/2))*(sin.(x+h/2))*(cos.(x+h/2))
~(sin(#)sin(#)cos).(x-h/2) by VALUED_1:5

= (sin.(x+h/2))*(sin.(x+h/2))*(cos.(x+h/2))
-((sin(#)sin).(x-h/2))*(cos.(x-h/2)) by VALUED_1:5

= sin(x+h/2)*sin(x+h/2)*cos(x+h/2)
-sin(x-h/2)*sin(x-h/2)*cos(x-W/2) by VALUED_1:5

= (1/4)*(-cos((x+h/2)H(x+h/2)~-(x+h/2)y+cos((x+h/2)+H(x +h/2)-(x+h/2))
+eos((x+h/2)+H(x+h/2)-(x+h/2))-cos((x+h/2)+H(x+h/2)H(x+h/2)))
-sin(x-h/2)*sin(x-h/2)*cos(x-h/2) by SIN_COS4:38

= (1/4)*(cos(x+h/2)-cos(3*(x+h/2)))
-(1/4)*(-cos((x-h/2)+(x-h/2)-(x-h/2)}+cos((x-h/2)Hx:h/2)
-(x-h/2))+cos((x-h/2)+H(x-h/2)-(x-1/2)) '
-cos((x-h/2)H(x-h/2)Hx-h/2))) by SIN_COS4:38 A

= (1/4)*(cos(x+h/2)-cos(x-1/2))-(1/4)*(cos(3*(x+h/2))-cos(3*(x-h/2)))

30



B HREXFRREFLRL

= (1/4)*(-2*(sin(((xHh/2)+(x-h/2))/2)*sin(((x +h/2)-(x-h/2))/2)))
~(1/4)*(cos(3*(x+h/2))-cos(3*(x-1/2))) by SIN_COS4:22
= (1/4)*(-2*(sin(x)*sin(h/2))) -(1/4)*(-2*(sin(((y+2/2)+(y-2/2))/2)
*sin(((y+z/2)-(y-2/2))/2))) by SIN_C0S4:22
= (172)*(sin(x)*sin(h/2))+(1/2)*(sin(3*x)*sin(3*h/2));
hence thesis;
end;

Wi MML PERREREX, BH

f(x)=sin’ xcosx

M—FrEZWEBRR KA LR T:
theorem :: DIFF_2:61
[!sin(#)sin(#)cos,x0,x1!]
= -(12)*(sin(3*(x1+x0)/2)*sin(3*(x1-x0)/2)
+sin((x0+x1)/2)*sin((x0-x1)/2))/(x0-x1);
proof
set y = 3*x0;
set z = 3*x1;
[!sin(#)sin(#)cos,x0,x11] = (((sin(#)sin).x0)*(cos.x0)
-(sin(#)sin(#)cos).x1)/(x0-x1) by VALUED_1:5
= ((sin.x0)*(sin.x0)*(cos.x0)
-(sin(#)sin(#)cos).x1)/(x0-x1) by VALUED_1:5
= ((sin.x0)*(sin.x0)*(cos.x0)
-((sin(#)sin).x1)*(cos.x1))/(x0-x1) by VALUED_1:5
= (sin(x0)*sin(x0)*cos(x0)
-sin(x1)*sin(x1)*cos(x1))/(x0-x1) by VALUED _1:5

= ((1/4)*(-cos(x0+x0-x0)+cos(x0+x0-x0) +cos(x0+x0-x0)-cos(x0+x0+x0))

-sin(x1)*sin(x1)*cos(x1))/(x0-x1) by SIN_COS4:38

= ((1/4)*(cos(x0)-cos(3*x0))-(1/4)
*(-cos(x1+x1-x1)+cos(x1+x1-x1)+cos(x1+x1-x1)
-cos(x1+x1+x1)))/(x0-x1) by SIN_COS4:38

= ((1/4y*(cos(x0)-cos(x1))+(1/4)*(cos(z)-cos(y)))/(x0-x1)

= ((1/4)y*(-2*(sin((x0+x1)/2)*sin((x0-x1)/2)))
+(1/4)*(cos(z)-cos(y)))/(x0-x1) by SIN_C0OS4:22

= ((1/4)*(-2*(sin((x0+x 1)/2)*sin((x0-x1)/2)))H(1/4)
*(-2*(sin((z+y)/2)*sin((z-y)/2))))/(x0—x 1) by SIN_COS4:22

= (~(1/2)*(sin(3*(x1+x0)/2)*sin(3*(x1-x0)/2)
+sin((x0+x1)/2)*sin((x0-x1)/2)))/(x0-x1);
hence thesis by XCMPLX 1:188;
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end;
Heh x0, x1 BREREH, HR-BETFMA.
R &L

f(x)=sin® xcosx

MRETES BEES. POESE—WERANTE Mizar B30 HIRE H[24):
(62) Let given z. Then (fD((the function sin) (the function sin) (the function
c0s), h))(z) = § - (sin(E2F22) - sin($}) — sin(25EL) - sin(3)).
(63) Let given z. Then (bD{(the function sin) (the functionsin) (the function
cos). ))(z) = § - (SIn(22524) -sin(3F)) - 7 - Gin(251) - sin(3)).
(64) For every x holds (¢D{(the function sin) (the function sin) (the function
cos), h))(z) = —§ - (sinz -sin(§)) + § - (sin(3- z) - sin(3})).

(61) A((the function sin) (the function sin) (the function cos), 2g.21) =
§ st 20E220) y i 22 i ZEL) in227ELY)

Tg—T1

3.3 MizarL BRI £

—BMizarX EREZRE, 2L E - EEAVPHERR AL RN EHE
HHENTERRMizar RAFHBL RN T, DIFF_2.mizZmizfi 248
G, ZRILE3-1:

E:vnizar~xmnlimizf dif
Make Environment, Mizar ?.18.81 (Yin32.
Copyright {c> 1998-2888 fAssociation of Hiza

-Uocabularies 181
—Constructors 151
—Requirements [ 181
-Registrations 71
-Notations 131
~Identify 161
-Definitions 191
~-Theorens

B 3-1: DIFF_2.mizéjibiest XK.
Fig.3-1 The result of DIFF_2.miz
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mizfZER KRB B ERTRE Y 5, ARNRXERERHRENERNEEDD,
R HENANMEIE, ETERES. DOSTXDIFF 2.mizfR K4 R B/R:
AEHP LY, 2147247, Mizar RGER K BFEM 258, FEParser,
AnalyzerfIChecker =8 0 B R B AR, EFXFEESGE, EHIER.

55, Formalized Mathematics 13027 3t A5 7k oF $0 % 4) 2 P M lizar
LM RZ—[24].

3.4 R
AR T ATk bR B2 5 2 7 9 Mizar SEIL 45 R R AEMiizarhi =Mizar version:
7.8.06_4.91.994, ’
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4 R E I 5 BIMizarSE I

BoZS5HS¥BKREY), AAHART %N —1N 0 X— 8RS %25].
RAZFERARBIMUERETHE, TR AREBRBZSEARZP KA
- REM, BETEEER. FERSRKFNEZE, SR MEEMEHRAN
RIRIR. Fi—RARRARADINARANHERBT M ERFE, mHEE
Big FEERY EARERTBHRT EK[26].

EBP), EmM e LESE, BEERREF, B F()=f(x)
xe[a,b], W f7#[a,b] LA, H

[ 7xix = Fp)- Fla)
EAFG—RAERAR . LARXEETK
[ ki =F(x)| - F(x)|

EMizar PR W FEEBEMNE N . FEBIMizarFRE X, EEUKAMER
R 2 LR 53 22 A HIMizarig iE .

4.1 RH ok

FoA 12 T 18 E $ % K Fritz Chemnitivs I R B (THEIMFH)Y [27], AP
EMEHRBEEEEANRAS AR, BT H)IEERREMRL, FMizarF b
ETEMNARS AR, TRT XSRS AR MIMizarLI . AE RGNS EEEe
HE B 7 i FIMizar R R K 80, BT A BER 4 B2 884, R TMMLA
INTEGRA9.miz[28]. INTEGR11.miz[29]F R XEF, KFT20094F #IMizarffi Tl

Formalized Mathematics .

42 FHEFR 5 B9MizarSE T

FUmEE LS EERE, REFLEEERE—H, MAEEEENLE
H—ByE. Mizar PRERBMORSBLERREMOMEM”E, FUXNT
Mizar FFSAKERER, 61z ARk B S B R E W HE-S R R B
a3, ﬁ*ﬂﬁﬁL%EE'Iﬁﬂ"]ﬁﬁﬁfﬂ*%—ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬂ@ﬁﬂﬁﬁﬁﬁﬁo ‘

421 BHREHRSHIMEHLESTERN
Mizarig IR G 5 EF IR MR A AW T
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environ

vocabularies ARYTM, RELAT_1, FUNCT_1, ARYTM_1, JGRAPH 2, SEQ 1,
SIN_COS, INTEGRALI, FDIFF_1, BOOLE, SQUARE 1, ARYTM 3,
ORDINAL2, RCOMP_1, PREPOWER, LATTICES, SIN_COS2, PRE_TOPC,
PARTFUN1, TAYLOR_1, FINSEQ_1, SIN_CO0S4, SIN_COS6, SIN_COS9,
SUBSET _1;

notations TARSKI, XBOOLE_0, SEQ 1, SIN_COS, SUBSET _1, NUMBERS,
VALUED_1, NAT_1, XXREAL 0, REAL_1, RELAT 1, RELSET 1,
PARTFUN]1, PARTFUN2, RCOMP_1, RFUNCT_1, PSCOMP_1, INTEGRAL,
FCONT_1, SQUARE_1, INTEGRAS, PREPOWER, TAYLOR _1, FDIFF 1,
JORDANI6, SEQ_2, SIN_COS2, FDIFF_9, SIN_COS6, SIN_COS9, BINOP_2;

constructors SIN_COS, TAYLOR _1, SEQ 1, REAL 1, FDIFF_1, FCONT 1,
PSCOMP_1, BINOP_2, SQUARE 1, PREPOWER, INTEGRAS, JORDANI6,
SIN_COS2, SEQ_4, SIN_COS9, PARTFUNI, PARTFUN2, FUNCT _1,
RCOMP_1, RELAT 1, SIN_COS6, RFUNCT _1, VALUED _1, FDIFF_9,
SIN_COS4, LIMFUNCI1, NAT 1, POWER;

registrations VALUED _1, NAT 1, XBOOLE 0, NUMBERS, MEMBERED,
VALUED_0, INTEGRALI, INT 1, RELAT 1, ORDINALI, FUNCT 2,
RCOMP_1, FCONT_1, TOPREALB, RELSET 1, RFUNCT _1, XREAL 0,
NEWTON, SQUARE 1, FUNCT _1, XXREAL 0, SEQM_3, SIN_COS9,
FINSET_I, TAYLOR_1, FCONT_3;

requirements NUMERALS, BOOLE, SUBSET, ARITHM;

definitions SIN_COS, VALUED _1, SUBSET _1, SQUARE_1, SIN_COS4,
SIN_COS6, TARSKI, FCONT _1, FDIFF_9, XBOOLE_0, SIN_COS9,
RCOMP_1, LIMFUNCI, NAT _1;

theorems PARTFUN1, RFUNCT_1, FUNCT _1, FDIFF_1, FUNCT 2, SQUARE 1,
XCMPLX_1, INTEGRAS, INTEGRAS, SIN_COS, FDIFF_4, TAYLOR 1,
VALUED_1, FCONT_1, JORDANI16, SIN_COS5, SIN_COS4, SIN_COS2,
SIN_COSé, XXREAL_I, XBOOLE_1, FDIFF_S, FDIFF_7, FDIFF_8, FDIFF_9,
SIN_COS9, PREPOWER, FDIFF_6;

XEFEESRNEERIEERWT
begin :
reserve x,a,b for Real;
reserve n,m for Element of NAT;
reserve A for closed-interval Subset of REAL;
reserve Z for open Subset of REAL;
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422 BHRELIR S EIMizarRiR 5K

SERIE TR R B AEMizar P KM AT : —REXFHET: —REFAHS
BEET. B FEMizar P ESUEMKFHETF (functor) FLAeE HFAEMESHE—
PEEIERA, AT EARTIT R R RN E X, ERERSOMizarKH P, RITKAR
KRB B —FERIER,

BRAVET R SRR R B A LS BREEH. ZARY. BB, SR,
TEEH. R=Aw. XTFARNER, HEERAHRTR, 'FEM~§&B’J%R
43 A FMizar iR P 77 T 53 F B8 BB
| EMENS W |
‘ [erde=e™)|_, ,~(e™)

(A NBHXiE, TRD. #E Mizar FEIRRA:
i fx=exp R.(-x)
theorem :: INTEGRA9:2
integral(exp_R*(AffineMap(-1,0)),A)
= (-(exp_R*(AffineMap(-1,0)))).(sup A)
-(-(exp_R*(AffineMap(-1,0)))).(inf A);
H & exp R*(AffineMap(-1,0) EM* R BN REHIES ,exp R 1 AffineMap(-1,0)
& Mizar PRI f(x)=e" 0 f(x)=-xHIKR, ARRAXIE, integral RIxH5.

x=inf A

=ZHAREE, Wnz0R
Icosnxdx =lsinnx —-l—sinnx
A n x=sup 4 n

7E Mizar FHIREN
i fx=cos(n*x)
theorem :: INTEGRA9:13
n<>0 implies integral(cos*(AffineMap(n,0)),A)
= ((1/n)(#)(sin*(A flineMap(n,0)))).(sup A)
-((1/n)(#)(sin*(AffineMap(n,0)))).(inf A)
Hon HEBE (EXEHERYPERE).

o .
x=infA -

R, W

75 Mizar 054 K«

¢ fx=x’n
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theorem :: INTEGRA9:25
integral(( #Z n),A)
= (U@ +1))#(HZ (n+1))).(sup A)
((1/n+1))#)(#Z (n+1))).(inf A)
WEEP(HZ n)REK f(x)= x" 1 Mizar KR, (1/(+1)FE(HZ @+1)EH #)
RRTS,

X R, W
Lxsinhxdx =(xcoshx -sinhx)’mA —{(xcosh x —sinh x)’x:m‘ o

£ Mizar PHIRR K-
: fx=x*sinh.x
theorem :: INTEGR11:30
integral((AffineMap(1,0))(#)sinh,A)
= ((AffineMap(1,0))(#)cosh-sinh).(sup A)
-((AffineMap(1,0))(#)cosh-sinh).(inf A)

TEHEREE, W
L\/a+xdx a+x) | %(a+x)%|m‘
£ Mizar FHIRA K

reserve Z for open Subset of REAL;

:: fx =(atx) #R (1/2)

theorem :: INTEGRA9:70 -
Ac=Z & (for x st x in Z holds fx=a+x & £x>0)
& dom ((2/3)#N(#R 3/2)*D) =Z
& dom ((2/3)#)( #R (3/2))*D) = dom £2
& (for x st x in Z holds £2.x = {a+x) #R (1/2)) &
£2|A is continuous implies
integral(f2, A) @3)YFH(#R (3/2))*0) (sup A)

(@3)A(#R B/2))*D)(inf A);

. . 3
KEERERIFHERYRAR T RE Z HFRE, (HR O RTF 2, 2A
is continuous X/REKH 2 FEFX (6] A k4. .

REMRHEE, W
Larcsinxdx=(xa’rcsinx+ 1-x )] (xarcsmx+w/l_;_x

x—mfA
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7E Mizar FHIRER :
:: £x = arcsin.x
theorem :: INTEGR11:68
Ac=Z&Zc=1.-1,1 [&=f1-2 & 2=H#Z2
& (for x st x in Z holds f1.x=1 & fx >0 & x<>0) & dom arcsin=2
& Z c= dom ((id Z)(#)(arcsin)+( #R (1/2))*f) implies
integral(arcsin,A) = ((id Z)(#)(arcsin)+( #R (1/2))*f).(sup A)
-((id Z)(#)(arcsin) + ( #R (1/2))*f).(inf A);
Hh). 1,1 [ ®R-121K0FFK(E, idZ EMizarP RABWT:
definition
let Z;
func id Z -> Relation means
[xylinitiff xinZ&x=Yy;
end;

Bvxe Z, BH flx)=x.

BL b4 B o B0 B4 A R R AE i 2 £ I Mizar 3C E INTEGRA9 Al
INTEGR11, H7EMizari® 3P I&RES> 5 4(28,29]:
B f(x)=e

(2) f{{the function exp) - Afine\ap{—1.0)){z)dz = (—(the function exp) - AfineMap{—1,

A
{—(the function exp) - AffineMap({—1.0)}{inf A}.
R# f(x)=cosnx (n#0):
(13) ¥ n =% 0, then / {{the function cos) - AfineMap{n.0}}{z)dz =

{- {{the function sin) - Aﬁ“me\lap( n. D) })(sup A} ) - ( ({the function sin)
AﬁineMap(n. 0})){inf A).

EH f(x)=x

@) (@) = Gy e A) = Gy e )
A

B % f(x)=xsinhx
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(30) / (AfineMap(L.0) (the function sinh))(z)dz = (AffineMap(1,0) (the

4 .
function cosh)—the function sinh)(sup A) — (AffineMap(1, 0) (the function
cosh)—the function sinh}{inf 4).

Eﬂﬁf(x):da+x :

(70) Suppose that

(i} AcZ,

(ii} for everyz:t such that € Z holds f(z) = a+z and f{z) >0,
() dom(3((3)- 1) =2,

(iv) dom(2((})- 1)) = dom s,

{v) for every z such that r € Z holds fo{z) = (2 + z)g. and

{vi) f;!4is continuous.

Ten [ favdz = G () n)iswp )~ G (@) N)at )
A

BB H f(x)=arcsinx :
{68) Suppsethat AC Zand ZC -1l andf=fi—frand f =}

and for every x such that z € Z holds fi{z) = 1 and f{z) > 0 and
z # 0 and dom (the funetion aresin) = Z and Z C dom(id 7 {the function

arcsi.n)-t—(g} -f). Then /{the function aresin}(z)dr = (idz {the function
a
armin}ﬁ—(é] - f){sup A} — (idz {the function arcsin‘}-é-{é} « f)inf 4}.

423 $57REEF 5 B9Mizarik B
BARFR=AEH
f(x)=sinmxcos nx(m # n),
FHEHE S A REMizard £ WA LB .
—ROBEARA, mznkt

cos(m +n)x _ cos(m—n)x

cos(m + n)x _ cos(m - n)x

Lsin mxcos nxdx = (
7E Mizar PEBERBWTF: -

reserve n,m for Element of NAT;
reserve A for closed-interval Subset of REAL;
:: £x = sin.(m*x)*cos.(n*x)
theorem :: INTEGR11:27
m+n<>0 & m-n<>0 implies
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integral((sin* A ffineMap(m,0))(#)(cos*A ffineMap(n,0)),A)
= ((<(1/(2*(m+n)))(#)(cos* AffineMap(m-+n,0)))-
(1/(2*¥(m-n)))(#)(cos* AffineMap(m-n,0))).(sup A)
-((-(1/(2*(m+n)))(#)(cos* A ffineMap(m+n,0)))-
(1/(2*(m-n)))(#)(cos*AffineMap(m-n,0))).(inf A);

EHZARER, mABRE, A RAXE. RIEFRHHEHTHESHS A
XRKEEHRHEOEI AR Hm+nz20Mm-nz2 0 TR EFBRIMRE
FRX, HiEAm=#n, WEBE Mizar PELIMELIEHIRENT CFRLF
EHREIERERRSPR):
proof :

assume A: m+n<>0 & m-n<>0; l
Al: [#]REAL=dom ((sin*AffineMap(m,0))(#)(cos*AffineMap(n,0)))
& dom (sin*AffineMap(m,0)) = [#]REAL
& dom (cos*AffineMap(n,0)) = [#]REAL by FUNCT _2:def 1;
then C: dom (sin*AffineMap(m,0)) \ dom (cos* AffineMap(n,0)) = [#]REAL;
A2: dom (AffineMap(m,0))=[#]REAL & dom (AffineMap(n,0))=[#]REAL
by FUNCT _2:def 1;
for x st x in REAL holds A
AffineMap(n,0).x=n*x + 0 by JORDANI16:def 3; then
AffineMap(n,0)|[REAL is continuous
by A2,FDIFF_1:31,FDIFF_1:33;then
A3: AffineMap(n,0)|A is continuous by FCONT _1:17,;
cos|((AffineMap(n,0)).:A) is continuous;then
AS: (cos*AffineMap(n,0))|A is continuous by A3,FCONT_1:26;
for x st x in REAL holds
AffineMap(m,0).x=m*x + 0 by JORDAN16:def 3; then
AffineMap(m,0)|REAL is continuous
by A2,FDIFF_1:31,FDIFF_1:33;then
A6: AffineMap(m,0)|A is continuous by FCONT _1:17;
sin|((AffineMap(m,0)).:A) is continuous;then :
(sin*AffineMap(m,0))|A is continuous by A6,FCONT _1:26;then
((sin*AffineMap(m,0))(#)(cos*A ffineMap(n,0)))|A
is continuous by C,A5,FCONT _1:19;then..

AT: ((sin*AffineMap(m. 0)}(#)(cos* AffineMap(n.0))) is_integrable on A
& ((sin*AffineMap(m O #)(cos* AffineMap(n OM)A :
. is bounded by ALINTEGRAS:10.11;

A8: (((1/2*(m+n))#)(cos*AffineMap(m+n,0)))-
(1/(2*(m-m))(#)cos* AffineMap(m-n.0)))

40



B BRI REEMRX

is_differentiable on REAL by A.Th7;
B1: for x st x in REAL holds AffineMap(m,0).x=m*x

proof
let x;
assume x in REAL;
(AffineMap(m,0)).x = m*x + 0 by JORDAN16:def 3
Sm*x;
hence thesis;
end;
B2: for x st x in REAL holds AffineMap(n,0).x=n*x
proof
let x;
assume X in REAL;
(AffineMap(n,0)).x = n*x + 0 by JORDAN16:def 3
=n*x;
hence thesis;
end;
~ A9: for x st x in dom (((-(1/(2*(m+n))}(#)(cos*AffineMap(m+n.0
(1/(2*(m-n)¥#H)(cos* AffineMap(m-n.0))) [REAL) holds
(1/2*(m+n)W#)(cos*AffineMap(m+n.0)))-
(1/2*(m-n)))(#)(cos*AffineMap(m-n.0))) IREAL).x
= ((sin* AffineMap(m O))(#)(cos*A ffineMap(n,0))).x
proof
let x; .
assume X in dom (((-(1/(2*(m+n)))(#)(cos*AfﬁneMap(m*-n,O)))-'
(1/(2*(m-n)))(#)(cos* AffineMap(m-n,0))) |REAL);
(((-(1/2*(m+n)))(#)(cos* AffineMap(m+n,0)))-
(1/(2*(m-n)))(#)(cos* AffineMap(m-n;0))) [REAL).x
= sin.(m*x)*cos.(n*x) by A,Th7 ‘
= sin.(AffineMap(m,0).x)*cos.(n*x) by B1
.= (sin.(AffineMap(m,0).x))*(cos.(AffineMap(n,0).x)) by B2
= ((sin*AffineMap(m,0)).x)*(cos.(AffineMap(n,0).x)) by Al ,FUNéT_l 22
= ((sin*AffineMap(m,0)).x)*((cos*AffineMap(n,0)).x) by A1,FUNCT_1:22
= ((sin*AffineMap(m,0))(#)(cos*AffineMap(n,0))).x by VALUED _1:5;
hence thesis;
end; )
dom (((<(1/(2*(m+n)))(#)(cos*AffineMap(m+n,0)))-
(1/(2*(m-n)))(#)(cos* AffineMap(m-n,0))) |REAL)
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= dom ((sin*A ffineMap(m,0))(#)(cos* AffineMap(n,0)))
by A1,A8,FDIFF_1:def 8;then
(((-(1/2*(m+n)))(#)(cos*AffineMap(m-+n,0)))-
(1/(2*(m-n)))(#)(cos* AffineMap(m-n,0))) |REAL)
= (sin*AffineMap(m,0))(#)(cos* A ffineMap(n,0)) by A9,PARTFUN1:34;
hence thesis by A,A7,Th7, INTEGRAS:13;
end;

Hrp, “proof” M “end” HXHIL, BR—AW. FiERLEFEEHLIAD
MEAMHRAHCHESRLMSRENEE, NFESMEHMERITN RS,
W: Al, A2, Bl, B2, -, C%. diby 3IREEN. EEIFEHEFRILHLE
W, BRTEE U(ThT) 256t B LR EA A SR MML & EBFE A Mizar XE.
EH 7 (Th?) &4 T ik Lk 2 BEE RS 2R e — N E e, A&
TR A

7 (ThT): m+n#0, m-n#z0H, B f(x)= cos(m + n)x _ cos(m—n)x
2(m + n) Z(m - n)
B BB LT, BVre R, L—sinmxcosn.

BR, FR—IKREH D AN EHE ., EMizarF EB T EARRE:
:: f.x=-cos.((m+n)*x)/(2*(m+n))-cos.((m-n)*x)/(2*(m-n))
theorem :; INTEGRI11:7

m+n<>0 & m-n<>0 implies ((~(1/(2*(m+n)))(#)(cos*AffineMap(m+n,0))) -
(1/(2*(m-n)))}(#)(cos* AffineMap(m-n,0))) is_differentiable_on REAL

& for x holds ((-((1/(2*(m+n)))(#j(cos*AfﬁneMap(m+n,O)))—

(1/(2*(m-n)) }#)(cos* AffineMap(m-n,0))) |REAL).x

= sin{m*x) * cos.(n*x);
iF B2 W INTEGR 11.miz[29].

BEXE®R7 (Th?) REECESAR. € XMERNSIA, 455 T Mizar
REPRRRE f(x) = sinmx cos nx(m # n) KR AR AHEFIIE.

EH, ZAEB f(x)=cosmxcosnx(m#n), f(x)=sinmxsinnx(m#n),
f(x)=xsinnx, f(x)=xcosnx, f(x)=sin’x, f(x)=cos’x, f(x)=sin"xcosx,
f(x)=cos" xsinx B A AR EMizar REFRAWT GEHHHFALIRES
INTEGR11.miz[29]):

nfx= cost.(m*x)*cos.(n*x) .

theorem |
m+n<>0 & m-n<>0 implies
integral((cos* AffineMap(m,0))(#)(cos*A flineMap(n;0)),A)
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= ((1/2*(m+n)))(#)(sin* AffineMap(m+n,0))+

(1/(2*(m-n)))(#)(sin* AffineMap(m-n,0))).(sup A)
-((1/(2*(m+n)))(#)(sin* AffineMap(m-+n,0))+

(1/2*(m-n)))(#)(sin* AffineMap(m-n,0))).(inf A);

:: X = sin{m*x)*sin.(n*x)

theorem
mn<>0 & m-n<>0 implies
integral((sin* AffineMap(m,0))(#)(sin* AffineMap(n,0)),A)
= ((1/(2*(m-n)))(#)(sin* AffineMap(m-n,0))-
(1/(2*(m+n)))(#f)(sin*AﬁineMap(m‘f-n,O))).(sup A)

-((1/(2*(m-n)))(#)(sin* A ffineMap(m-n,0))-

(H/2*(m+n)))(#)(sin* A ffineMap(m+n,0))).(inf A);

:: £x = x*sin.(n*x)
theorem
n<>0 implies integral((AffineMap(1,0))(#)(sin* AffineMap(n,0)),A)
= ((1/(n"2))#)(sin*AffineMap(n,0))-
(AffineMap(1/n,0))(#)(cos*AffineMap(n,0))).(sup A)
«((1/(0"2))#)(sin*AffineMap(n,0))-
(AffineMap(1/n,0))(#)(cos*AffineMap(n,0))).(inf A);

2 f£x =x*cos.(n*x)
theorem
n<>0 implies integral((AffineMap(1,0))(#)(cos* AffineMap(n,0)),A)
= ((1/(n2))(#)(cos* A flineMap(n,0))+
(AffineMap(1/n,0))(#)(sin* AffineMap(n,0))).(sup A)
-((1/(n"2))(#)(cos* AffineMap(n,0) )+
(AffineMap(1/n,0))(#)(sin*AffineMap(n,0))).(inf A);

2 fx = (sin.x)*2
theorem
integral(sin*2,A)
= (AffineMap(1/2,0)-(1/4)(#)(sin* AffineMap(2, 0))) (sup A)
-(AffineMap(1/2,0)-(1/4)(#)(sin*AffineMap(2,0))).(inf A);

: fx =(cos.x)"2

theorem
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integral(cos”"2,A)
= (AffineMap(1/2,0)+(1/4)(#)(sin* AffineMap(2,0))).(sup A)
~(AffineMap(1/2,0)+(1/4)(#)(sin*AffineMap(2,0))).(inf A);

:: £x = (sin.x)n*(cos.x)
theorem
integral(( #Z n*sin)(#)cos,A)
= ((V/(nt+1))#)(#Z (n+1)*sin)).(sup A)
- ((V(n+1))#H)N(#Z (n+1)*sin)).(inf A);

:: £X = (cos.x)*n*(sin.x)
theorem
integral(( #Z n*cos)(#)sin,A)
= ((-1/(m+D)#H)W #Z (nt1)*cos)).(sup A)
-((-1/(n+1))(#)( #Z (n+1)*cos)).(inf A);

ETRIAREBE f(x)= (ax+ b)" #1589 Mizar SLHITFE. RA1%0E
1

nog_ 1 iy | _ n+l
L(ax+b)dx—(———a(n+1)(ax+b) oo s (——-a(n+1)(ax+b) )|,

=inf 4 !
: £x =(a*x+b)*n
theorem
a*(n+1) < 0 implies integral( #Z n* AffineMap(a,b),A)
= ((V/(@*(+1)FH)(#Z (n+1)*AffineMap(a,b))).(sup A)
-(1/(a*(nt1)))#)( #Z (n+1)*AffineMap(a,b))).(inf A);
£ Mizar FHEESENT (FHMEFENREERBRRESE):
proof ‘
- assume C: 2*(n+1) <> 0;
Al: [#]REAL~=dom ( #Z n*AffineMap(a,b))
& [#IREAL=dom((1/(a*(n+1)))(#) #Z (n+1)*AffineMap(a,b))) &
[#]REAL=dom (AffineMap(a,b)) by FUNCT 2:def 1;
forx stx in REALholds
AffineMap(a,b).x=a*x + b-by JORDAN16:def 3;then
B1: AffineMap(a,b) is_differentiable_on REAL & for x st x in [#]REAL
holds ((AffineMap(a,b))'REAL).x = a by A1,FDIFF_1:31;
A: #Z n*AﬁineMap(a,b) is_differentiable_in x
proof ‘



HEBBEAFHALEFMRI

AffineMap(a,b) is_differentiable_in x by B1,FDIFF_1:16;
hence thesis by TAYLOR 1:3;
end;
A2: #Z n*AffineMap(a,b) is_differentiable on REAL
proof .
for x st x in REAL holds
#Z n*AffineMap(a,b) is_differentiable in x by A;
hence thesis by A1,FDIFF_1:16;
end;
(#Z n*AffineMap(a,b))[REAL is continuous by A2,FDIFF_1:33;then
(#Z n*AffineMap(a,b))|A is continupus by FCONT_1:17; then

A3: #Z n*AffineMap(a.b) is_integrable on A
& (#7 n*AffineMap(a b))IA is bounded by A1,LINTEGRAS:10.11;

A4: for x st x in dom (((1/(a*(n+1))
(#W #Z (n+1)Y*AffineMap(a.b)))' IREAL) holds
V(a*(n+ DN #Z (n+1)*AffineMap(a, b)) [REAL).x
= (#7 n*AffineMap(a.b)).x
proof
let x; :
assume x in dom (((1/(a*(n+1)))#)( #Z (n+1)*AffineMap(a,b)))' |REAL);
(((1/(a*(n+1)))(#H)(#Z (n+1)*AffineMap(a,b)))'[REAL).x '
=(a*x+b) #Z n by C,Th12
.= (AffineMap(a,b).x) #Z n by JORDAN16:def 3
= ( #Z n).(AffineMap(a,b).x) by TAYLOR_1:def 1
~(#Z n*AffineMap(a,b)).x by A1,FUNCT_1:23;
hence thesis;

end;
(1/a*(n+1)))#H)( #Z (n+1)*AffineMap(a,b))
is_differentiable_on REAL by C,Th12; then
dom (((1/(a*(n+1)))#)( #Z (n+1)*AffineMap(a,b))) [REAL)
= dom ( #Z n*AffineMap(a,b)) by A1,FDIFF_1:def 8;then
((M(@*(n+D))#)( #Z (nt+1)*AffineMap(a,b)))'[REAL)
=#Z n*AffineMap(a,b) by A4,PARTFUN1:34;
hence thesis by C,A3,Th12,INTEGRAS5:13;
end; '

DIk B SR A AT Mizar 3 30R B934 [29):
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1 .
5 ) - Z((the function

sm) - AffineMap(2. 0)))(sup 4) — (AffineMap(3, 0) 7 {(the function sin)
- AffineMap(2,0)))(inf A).

(13) / (the function sin)’(r)d:t = (AﬁineMap(-l- 0

(18) f (the function cos)?(z)dr = (AfﬁneMap(%.O) + %((the function

A
sin) - AffineMap(2. 0)))(sup A) — (AffineMap(}.0) + § ((the function sin)
- AffineNap(2,0))){inf A}.

(19) [ (((3) - (the function sin)) (the function cos))(z)dz = ( (3

{the function sin))}{sup 4} — (m ((3*") - (the function sin))){inf A).
22) / ((3) - (the function cos)) (the function sin))(z)dz = ((-J—) (@)

A
(the function cos)))(sup A} — ((—=37) (™) - (the function cos)))(inf 4).
{25) Suppose m+n # 0 and m—n 5 0. Then [{((the function cos) - AffineMap{m.0}} {{the fu

(’.TTn_rl—_nTmhe funetion sin) - -\ﬁme‘\[ap{m-&-n 0)]+2 T {{the func-

tion sin) - Aﬁ‘me%lap\m -n, 0} J){sup 4) - “.5_1-1'5’ {{the function ain)
- AffineMap{m + n.0}} + z——x ,\m_,, {{the function sin) -AffineMap{m -
n.0y){inf A}.

{26} Suppose m+n # 0 and m—n # 0. Then f{({the function sin}- AfineMap{m. 0)} {{the fu

(FT_{ml——T {{the function sin) - AffineMap{m -n. 0))—3T"f+—,,; {{the func-

tion sin} -AffineMap{m + n.0})}(sup 4) — (gt ey {{the function sin)
-AffneMap{m — n.0)) - m((the function sin} -AfineMap(m +
n.0))){inf A).

27) Supposc m-n # 0 and m—n # 0. Then /(((the function sin} - AfineAlap{m. 0)} ({the fu

1 1
(-3- ey ‘((the function cos) - AfineMeap(m +n.0))— .._(.m((the

f\mct:ancos) AffineMap{m—n.0)))(sup A)— (-m {{the function cos) - AfineMap{m
77 ((the function cos) - AffineMap(m — n.0))}(inf A).

{28} Supposen 95‘0. Then f { AffineMap(1, 0) ({the ﬁxxiction sin} - AfineMap(n. 0))}(2)dx =

(—— {{the function sin) - AffineMap(n, 0)} - Aﬁine\{ap(‘ 0) {{the function

: cos) AffineMap(n. 0))}{sup A)— (;;; {{the functlonsxh) AffineMap(n,0))}—
AffineMap(£, 0) ({the function cos) - AfineMap(n.0}}){inf A}.
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(20) Supposen s 0. Then f (AffineMep(1.0) {(the function cos)- AfincMap(n. 0)))(z)dz
A

= (-1— ({the function cos) - AffineMap(n. 0)} + AfEneMap(L, 0) {(the function

sm) Aiﬁne\lap{n 0)))(sup A)— (- ({the function cos) - AfineMap(n. 0))+
AffineMap(Z, 0f({the function sm) - AffineMap{n. 0)}){inf A).

(32) Ifa-{n+1) % 0. then [ (@)~ AffneMap(a. b)) (2)dr = (—— (n 't ((3+)-

AffineMap(a.b))){sup A) — (———— ((3*'} - AffineMap{a.b)))(inf A).

a- (n +1)°
HAG—A, SEWXE A=[0,7], #EMizarRZHLHRH
f(x)=sin2xcosx
NG AR, BEERWT:
theorem
A=[.0,PL] implies
integral((sin* A ffineMap(2,0))(#)(cos*AffineMap(1,0)),A)=4/3
BUF 2 it s 28 50 38 HIE B i 72
proof
assume A=[.0,PL];
then B: sup A=PI & inf A=0 by INTEGRAS:37,;
D:dom (AffineMap(3,0)) =REAL
& dom (AffineMap(1,0)) = REAL by FUNCT 2:def 1;
integral((sin* AffineMap(2,0))(#)(cos*AffineMap(1,0)),A)
= (((1/(2*2+1)))(#)cos*AffineMap(2+1,0)))-
(1/(2*(2-1)))#)(cos*AffineMap(2-1,0))).PI
-((-(1/(2*(2+1)))(#)(cos*AffineMap(2+1,0)))-
(1/2*(2-1)))(#)(cos*AffineMap(2-1,0))).0 by B,INTEGR11:27
= («(1/6)(#)(cos* AffineMap(3,0))).PI
-((172)(#)(cos* AffineMap(1,0))).PI-((-(1/6)(#)(cos* AffineMap(3,0)))
-(1/2)(#)(cos*AffineMap(1,0))).0 by VALUED_1:15
= (<(1/6)(#)(cos* AffineMap(3,0))).PI
-((172)(#)(cos*AffineMap(1,0))).PI
-((-(1/6)(#)(cos*AffineMap(3,0))).0
-((172)(#)(cos*AffineMap(1,0))).0) by VALUED 1:15
= («((1/6)(#)(cos* AffineMap(3,0))).PI)
 {(1/2)(#)(cos* AffineMap(1,0))).P1
(T 1/6)(#)(c5s*AﬁineMap(3,0))).0 ,
© ((1/2)(#)(cos* AffineMap(1,0))).0) by VALUED _1:8
= ~(1/6)*((cos*AffineMap(3,0)).PI)
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~((1/2)(#)(cos*AffineMap(1,0))).PI
-((-(1/6)(#)(cos* A ffineMap(3,0))).0
-((1/2)(#)(cos* AffineMap(1,0))).0) by VALUED_1:6
= -(1/6)*((cos*AffineMap(3,0)).PI)
-(1/2)*((cos*AffineMap(1,0)).PI)
-((-(1/6)(#)(cos* AffineMap(3,0))).0
-((1/2)(#)(cos*AffineMap(1,0))).0) by VALUED _1:6 .
= -(1/6)*((cos*AffineMap(3,0)).PI)
-(1/2)*((cos* AffineMap(1,0)).PT)
((((1/6)(#)(cos*AffineMap(3,0))).0)
-((1/2)(#)(cos*AffineMap(1,0))).0) by VALUED_1:8
.= -(1/6)*((cos*AffineMap(3,0)).PI)
-(1/2)*((cos*AffineMap(1,0)).PI)
-(<(1/6)*((cos* AffineMap(3,0)).0)
-((1/2)(#)(cos*AffineMap(1,0))).0) by VALUED_1:6
= -(1/6)*((cos*AffineMap(3,0)).PI)
-(1/2)*((cos* AffineMap(1,0)).PI)
-(-(1/6)*((cos*AffineMap(3,0)).0)
-(1/2)*((cos* AffineMap(1,0)).0)) by VALUED_1:6
= ~(1/6)*(cos.(AffineMap(3,0).PI))
-(1/2)*((cos*AffineMap(1,0)).PI)
-(<(1/6)*((cos*AffineMap(3,0)).0)
-(1/2)*((cos*AffineMap(1,0)).0)) by D,FUNCT_1:23
= -(1/6)*(cos.(AffineMap(3,0).PI))
-(1/2)*(cos.(AffineMap(1,0).PI))
-(<(1/6)*((cos*AffineMap(3,0)).0)
-(1/2)*((cos* AffineMap(1,0)).0)) by D,FUNCT _1:23
= -(1/6)*(cos.(AffineMap(3,0).PI))
-(1/2)*(cos.(AffineMap(1,0).PE))
-(-(1/6)*(cos.(AffineMap(3,0).0))
-( l/2)*((cos*AfﬁpeMap(1,0)).0)) by D,FUNCT_1:23
= (1/6)*(cos.(AffineMap(3,0).PI))
~(1/2)*(cos.(AffineMap(1,0).PI))
-(<(1/6)*(cos.(AffineMap(3,0).0))
-(1/2)*(cos.(AffineMap(1,0).0))) by D,FUNCT_1:23
= ~(1/6)*(cos.(AffineMap(3,0).P1))
-(1/2)*(cos.(1*PI+0))
-(<(1/6)*(cos.(AffineMap(3,0).0))
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-(1/2)*(cos.(AffineMap(1,0).0))) by JORDAN16:def 3
= -(1/6)*(cos.(3*PI+0))-(1/2)*cos.PI
-(-(1/6)*(cos.(AffineMap(3,0).0))
-(1/2)*(cos.(AffineMap(1,0).0))) by JORDANI16:def 3
= -(1/6)*(cos.(2*PI+PI))-(1/2)*cos.PI
-(-(1/6)*(cos.(3*¥0+0))
-(1/2)*(cos.(AffineMap(1,0).0))) by JORDAN16:def 3
= -(1/6)*(cos.(2*PI+PI))-(1/2)*cos.PI
~(-(1/6)*c0s.0-(1/2)*cos.(1*0+0)) by JORDAN16:def 3
.= -(1/6)*(cos.PI)-(1/2)*cos.P1
-(-(1/6)*co0s.0-(1/2)*cos.(1*0+0)) by SIN_COS:83
.=4/3 by SIN_COS:33,SIN_COS:81;
hence thesis;
end;

4.3 Mizar S ZLETR
K THETR R A4 K Mizar 13X INTEGR11.miz, 2 mizf RHE T Mizar &4
A HRK RS R RE 4-1:

E:\nizar~\mnl>nizf integrll

Make Environment, Mizar Uer. 7.18.681 {UJin32/FPC)
Copyright <(cd> 1998-20B8 Association of Mizar Users
-Uocabularies 121
—Constructors
-Requirements
~Registrations
—Notations
~Identify
-Definitions

(o Bl T e T e T e T e B e B

Copyright
Processing:

Parser [32611
+ [32811
[32011

Time of mizaring:

B 4-1: INTEGR1l.miz 6§40 B4R
Fig.4-1 the result of INTEGR11.miz
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Mizar RARIEL R EoR: HEEILAIE 8 A H4, Parser. Analyzer. Checker
ST RER, 2303 3201 17, RIETREBFER 41 8.
Bhh, SRS Mizar SEHLHIS R28,291 % TF 2009 F# Formalized

Mathematics .
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7.10.01_4.112.1041 9,
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5 BHERMYESRBEEEHBIMizarSi I 51890

Mizar B R 243 8 XA EAM KN E AR, EEF #E— R R
W, MRHPELESRBEEHRRZULERIMERM L, KRR FEREERE
hEEFEEENEM, FIUEMizart RERPEXHHNRBEHER+IEE
SH. AFEH B OET EMizar P REOEH 5 RETEHHE N, HHAMizark
GEXT AR R AT LU E .

51 BEHEXMERITEH

511 RHERERER

EX 5180 B f(x) M g(x) HARERA

@.e@)= [ f(gWdx.

P B LA HEE(30]:
(f(x) g(x)) = (g(x), f(x))
Vre R, H(rxflx)gx)=rx(/(x)glx)
(£i()+ £2(x) glx)) = (/i () D)+ (£ (x), £(x))
(£, (x)- £, (x) g () = (£, (x) g (=) - (13 (x), &(x))
(f(0)+ glx) f(x)+ g(x)) = (F(x) S (xD)+ 2% (f (x), g (x)) + (g (x) g (x))

A R WON -

EX 5280 H[a, bl AERKERTREIE, MBR px)HL:
1) p(x)>0, xcla,b);

@ [ plake>0;
@ [l Tt
M p(x) SR B
EX 5300 p(x) Hla,b] EHIEL, X FEE S () Fg(x), FilE:

[rer@e@as=0,
UFRERHL S (x) 7 g(x) KT p(x) EEXL.
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512 RECEHR MR
ﬁﬂfﬂ“ﬁﬂi%ﬁyi =f(xl,)(i=0,1,~-,m) o ATHERE f(x) BI—A n(<m)

WEBE TR p, (x), HRAAZTHE, Rl
m
S= 3 (Pn ®)-f(x)?
BARME. B ST A x (=01 m AR p, () T p,, () IEDIIRR L
F(x) MTBIERUT, thRBBELER m+ 1M S IR OREITHRE)
(P x)= 1))
0 B B 2K 6] [a,5] EHSEH f() MIERE TR p (), JH BRRE
BLES
2 (-1 ()2d(x)
RERMT RBAME. S E, EREMPELRE
I = £ = 2P~ f ()
KBEBERY p(x) B £ () MBI,

RERME—T n EREFEPHHASERARN, BHE AKEN LU
B NREEETHITTR p() M f(x) BERFER. TH| P, - f - 0(n— )

B, HEAIEp,(x) EE AR ERAMTFHFEERSAT f(x), i2fE
P (x)—2of()n e,
ELERHR P 2 BMEBEH, AMTERXRRBRE— T Sk
FR) LR,
ATELANTE, RITEELER P EFRERUAS. HFEE—IEX
E[a,b] EEVRTRIR S £ (x) , MR p(x)f (x) F9 (LD AR, WHLB £(x) ;E?‘Lp[a,b]

o MRV @PH (LD TR, Wk S0 RF Lfab] %, -
R A~ TR . ERRE ) =1F, 1 F R /().
T — M

IS =Pl R,
HFRE R BT AR, dk
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1/ - gl 2L (g ()R
FEAHLTHNMRE f R g2 NEERBEENER. HEFHEEREER
X B R BT
BB BTE B SR T
LIfI20, FEHEMNE =08 f=0;
2. e fliel- NSl ¢ AE—HE
Sf+gldifli+lgle

52 RPEXHSRFTEHAIMizarSTI

MABREXSHRANTE, EHERM TR EBIEX R Mizar 53, EH
FIE Mizar XEH R B, 7F)tfll#tﬁ%p(x)=lﬁﬁ%ﬁﬁ@’ﬁlﬁxﬂﬁ%ﬁm
B 5 1HE R BTSN Mizar #5451k,

52.1 BRPIELY. EREHNRRRRESTERN

Mizari¢ LG e RS R BEE AT T:

environ

vocabularies INTEGRA9, ARYTM, PRE_TOPC, RELAT 1, FUNCT_1, ARYTM_1,
JGRAPH_ 2, PARTFUNI, SEQ _1, SIN_COS, INTEGRAL, FDIFF_1,
REALSETI1, BOOLE, SQUARE 1, ARYTM_3, ORDINAL2, RCOMP_1,
PREPOWER, LATTICES, FINSEQ 1, TAYLOR_1, SIN_COS4, SUBSET 1,
GROUP_1, SEQ 4; '

notations FUNCT 1, SEQi, SIN_COS, TARSKI, XBOOLE_0, SUBSET _1,
NUMBERS, VALUED 0, VALUED_1, MEMBERED, XREAL 0, SEQ 4,
REAL 1, RELSET_1, PARTFUNI, RFUNCT_1, RCOMP_1, PSCOMP_l1,
INTEGRA1, XXREAL 0, XXREAL_2, FCONT_1, SINCOS10, FDIFF_9,
SQUARE_1, INTEGRAS, PARTFUN2, NEWTON, PREPOWER, TAYLOR_1,
FDIFF_1, JORDANI16, SEQ_2;

constructors SIN_COS, TAYLOR 1, SEQ 1, REAL_1, FDIFF_1, FCONT_1,
PSCOMP_1,NAT_1, BINOP_2, SQUARE_1, PREPOWER, INTEGRAS,
PARTFUN?2, LIMFUNCI, JORDAN16, SEQ 4, RFUNCT_1, FDIFF_9,
SINCOS10, POWER

registrations VALUED _1, NAT 1, XBOOLE_0, NUMBERS, MEMBERED
VALUED_0, INTEGRA1, RCOMP_1, INT_1, RELAT 1, ORDINALI,
FUNCT _2, FDIFF_1, COMPLEXI1, RFUNCT_1, XREAL‘O, RELSET : l,A
FINSEQ 2, ORDINAL2, NEWTON, SEQM_3, XXREAL _0, FINSEQ _1,
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SIN_COS, SQUARE_1, XREAL _1, FUNCOP_1, PARTFUN1, TAYLOR 1,
JORDANI16, FCONT_3, XXREAL 2;

requirements NUMERALS, BOOLE, SUBSET, ARITHM;

definitions SIN_COS, INTEGRAS, VALUED _1, SUBSET _1, TARSKI, FDIFF_9,
SQUARE _1;

theorems PARTFUN1, INTEGRA1, RFUNCT 1, FUNCT 1, FDIFF_1, INTEGRA2,
FUNCT _2, XBOOLE 0, XBOOLE_1, SQUARE_1, XCMPLX 1, INTEGRAS,
INTEGRAS, INTEGRAG6, SIN_COS, XREAL 1, FDIF F_4, TAYLOR 1,
FDIFF_6, VALUED_1, FCONT _1, JORDAN16, RELAT 1, FDIFF_2, FDIFF_5;
FDIFF_8, FDIFF_9, PREPOWER,;

XEPFESHNERRIERYWT:
begin
reserve r,x for Real;
reserve n for Element of NAT;
reserve A for closed-interval Subset of REAL;
reserve f,g f1,f2 for PartFunc of REAL,REAL;
reserve Z for open Subset of REAL;

522 REIEREAIMIizarSEH 1
FETRRBERHZ A, 554 HATRE XK Mizar Rik:
definition

let A be closed-interval Subset of REAL;
let f,g be PartFunc of REAL,REAL;
func |||(f,g,A)|ll -> Real equals :: INTEGRA9:def 1

integral((f(#)g),A);

end;

A KAKAE, f, g MEH. PartFunc of REAL, REAL R—HEHMER,
FREHHE UK (dom) FHEEK (mg) #ESTLEE (REAL) F. HAEX
§2.6 PN E, B3 INTEGRAO.voc, BEEBA “K|[(” F “L)||” URRH
BEX “EeAll” (B RAIR 2-3). “INTEGRAY:def 17 B X E
INTEGRA9.miz[28]F 152 X 1. '

§ 5.1.1 P KM AR RE Mizar REFREN:

R '
theorem :: INTEGRA9:30
for f,g being Pai‘tFunc of REAL,REAL,
A being closed-interval Subset of REAL holds
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g, )0 = lliCe.£A)Ill;

7 2:
theorem :: INTEGRA9:34
for f,g being PartFunc of REAL,REAL,
A being closed-interval Subset of REAL
st (f(#)g)|A is bounded & f(#)g is_integrable_on A
& A c= dom(f(#)g)
holds [[I((x(#)D),g,A)lll = r*lli(f.e.A)lll;
Hfr A, BEXERERETEHEHR,

PR 3.
theorem :: INTEGRA9:31
for f1,f2,g being PartFunc of REAL,REAL,
A being closed-interval Subset of REAL st (f1(#)g)||A is total &
(2(#)g)||A is total & (f1(#)g)I|A|A is bounded &
(f1(#)g)||A is integrable & (f2(#)g)||A|A is bounded &
(f2(#)g))|A is integrable
holds [|j(f1+£2,g,A)ll = llI(f1,&, Al + llI(£2,g, Al

R 4:
theorem :: INTEGRA9:32
for f1,12,g being PartFunc of REAL,REAL,
A being closed-interval Subset of REAL st (f1(#)g)||A is total &
(f2(#)g)||A is total & (f1(#)g)I|A]A is bounded &
(f1(#)g)||A is integrable & (f2(#)g)||AJA is bounded &
(f2(#)g)||A is integrable
holds [[|(f1-£2,g,A)ll = lli(F1.g, A - I(£2,8.AM;

MR 5:
theorem :: INTEGRA9:37
for f,g being PartFunc of REAL,REAL,
A being closed-interval Subset of REAL st (f(#)f)]|A is total &
(f(#H)g)lIA is total & (g#)g)||A is total & (f(#)D]|A]A is bounded &
(f(#)g)||AJA is bounded & (g(#)g)||AJA is bounded
& (f(#)f) is_integrable_on A & (f(#)g) is_integrable on A
& (g(#)g) is_integrable_on A holds
li(E+g, g, A = LA + 2*[liCEe. Al + (2.2 Al
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PATF RE&5 5 5 #) Mizar RGEIE B, Fo A BT HIUE B BCR T INTEGRA9 .
proof
let f,g be PartFunc of REAL,REAL,;
let A be closed-interval Subset of REAL;
assume Al: (f(#)f)]|A is total
& (f(#)g)||A is total & (g(#)g)||A is total;
assume A2: (f(#)f)||AJA is bounded &
(f#g)||AIA is bounded & (g(#)g)||AlA is bounded;
then A3:((f#)D)||A+{f#)2)|A)I(AN A) is bounded
& ((fHg)lIA+(g#@H)e)lIANA A A) is bounded by RFUNCT_1:100;
assume (f(#)f) is_integrable_on A
& (f(#)g) is_integrable_on A & (g(#)g) is_integrable_on A;
then A4: (f(#)1)||A is integrable & (f(#)g)||A is integrable
& (g(#)g)l|A is integrable by INTEGRAS:def 2;
then AS: (f#D||A+(f(#)g)||A) is integrable &
((fHg)|A+(g#)g)l|A) is integrable by A1,A2,INTEGRA1:59;
li(Frg.f+g,A)llI= integral(F#Xf+g))Hg#)(F+g)IIA) by RFUNCT_1:22
= integral((f#)(F)IA)H(8#)(f+g))lIA)) by INTEGRAS:S
= integral((FEHDHE#H ) IA) H(g@#)(F+g))l|A)) by RFUNCT_1:23
= integral((FHNH1#)2))l|A)
H((g®DrHg(g))IIA)) by RFUNCT_1:23
= integral((FFDIA+(f(#)g)l|A)
H((g@DHg#)2)l|A)) by INTEGRAS:5
= integral((FEDIIA+H(TFH))IIA)
H(g@DIIA+(g#))lA)) by INTEGRAS:5
= integral(FHDIAHEH)IA)
+integral((f(#)g)||A+(g(#)g)||A) by A1,A3,A5,INTEGRA1:59
= integral((f(#)D)||A)+integral((f(#)g)||A) '
+integral(f(#)g)l|A+(g#)g)||A) by A1,A2,A4,INTEGRA1:59
= integral (F#)DI|A ) Hintegral(FHE)IA)
+(integral((f(#)g)||A)+integral((g(#)g)||A)) by A1,A2,A4 INTEGRA1:59;
hence thesis;
end;

FEMizarig XF, L ERE X RS REKR H[28):
{30) For all partia] functions f. g from R to R and for ‘every closed-interval
subset 4 of R holds [I(f.g. )i = li(g- £. )11
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(34) Let f. g be partial functions from R to R and A be a closed-interval
subset of B. Suppose {f g}/ A is bounded and f g is integrable on A and
AC dom(f g). Then [[|(r £, g. )|l = r- [}(f.g. A}l

(31) Let fi. f2. g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that

(it (fr9) ! Abtotal,

(i} (f29) 1 A& total,
(i) ((fig) [ A)'4 is bounded,
{iv} f,¢ & integrable on A,

v} ({f29) ! A)" A is bounded. and
(vi} f2g i integrable on A.

 Then [[|(fi + f2. 9. AV = [{{(fr. 9. DIl + I f2. 9. A)]]-

{32) Let fi. f2. g be partia] funetions from R to R and A be a closed-interval
subset of B, Suppose that

(i) (fig) ] A total,
(i) (f29) 1A total.
(i) ({f19) ' A)1A is bounded,
{iv} f.g¢ & integrable on A.
(v} {{f29) ! A}/A is bounded. and

{vi) f2g i integrable on A.

Then ({{f1 = f2.g- A)ll] = [ll{fi. 9. A)lli = {li{ f2- . A}

{37) Let f. g be partial functions from ® to  and 4 be a closed-interval
subset of . Suppose that {ff) " A & total and {fg) ' A & total and

{gg) ~ A & total and ({f f] ~ A) A is bounded and ({fg) | A)’A is
bounded and {{gg) " A)'A is bounded and f f is integrableon A and f g
is integrable on A and g ¢ & integrable on A. Then [j|if +¢.f+¢. A)l|| =
(S A +2- (IS g- AJliE+ 1. 9. A) -
£ Mizar PR RMEFGH T RR, ETRERE LRABEHANEL
plx)=10BIREIERE M Mizar #iR .
Mizar R $ERZHEHIE X -
definition :
let A be closed-interval Subset of REAL;
let f,g be PartFunc of REAL,REAL;
pred f is;orthogonal_with g,A means :: INTEGRA9:def 2
iEg,A)ll = 0
end;
XEEXMRIE A (pred), FEELY, THZWM. & INTEGRAI.voc FEEF
A “Ris_orthogonal_with”, M5 X% INTEGRA9.miz H I 5E X 2.
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HARMEMR 5 SRBEERENEXTER TE /M EH:
theorem :: INTEGRAY:38

for f,g being PartFunc of REAL,REAL,

A beihg closed-interval Subset of REAL st (f{#)f)||A is total &

(f®g)||A is total & (g(#)g)||A is total & (f(#)f)[|AA is bounded &

(f#)g)||AJA is bounded & (g(#)g)/|A|A is bounded

& (f#)f) is_integrable_on A & (f(#)g) is_integrable_on A

& (g(#)g) is_integrable_on A & fis_orthogonal_with g,A

holds |[[(f+g,f+g. Al = IKELANN + llie.g.A);

Mizar FHEH LW TF:

proof
let f,g be PartFunc of REAL,REAL;
let A be closed-interval Subset of REAL;
assume (f(#)0)]|A is total & (f(#)g)||A is total
& (g(#)g)l|A is total &(f(#)f)||AJA is bounded &
(fHg)l|AJA is bounded & (g(#)g)l|A|A is bounded
& (f(#)f) is_integrable_on A & (f(#)g) is_integrable_on A
& (g(#)g) is_integrable onA;
then Al: |||[(frg,frg,A)lf = IELA + 2*(lI(Eg. Al + lli(g.&.A)ll by Th37;
assume fis_orthogonal_with g,A;
then [[[(f.g,A)[l| = 0 by Def2;
hence thesis by Al;
end;

HopE 37 (Th37) RARMER S, X2 (Def2) ZEFIERMERIE Lo
Ak R A AE Mizar 3P HRA H([28]:

Let 4 be a closed-interval subset of ® and let f. g be partial functions from
® to ®. We say that f is orthogonal with g, A if and oniy if:

(Def. 2) |li{/f.g.A)lli =0.

(38) Let f. g be partial functions from R to X and A be a closed-interval
subset of . Suppose that (ff) ' A & total and (fg) | A s total and
{gg) ' Ais total and ({f f) | A)"A is bounded and {(fg) | A)/A is
bounded and {(gg} | A)’'A is bounded and f f is integrable on A and fg

is integrable on A and gg i integrable on A and f is orthogonal with g,
A. Then |[[{f +g. f +g. AJlll = [Ii{/. /. A)ill + 1liCg- 9. AJMH}-

WL R EER N FE 4 X (E, Eﬁﬁﬂ@ﬁl‘ﬂ.!:ﬁiﬁ@ﬁﬁ‘]lﬁﬁﬁmo T
TEI 45 W 325 B0 B IE S P 7E Mizar 4 .
% y =sinxH y = cosx ZEX 8 [0, 7] LIE3T, 7 Mizar PR EERABA:
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theorem
A =[.0,PL] implies sinis_orthogonal_with cos,A

ERA T

proof
assume Al: A=[.0,PL];
lll(sin,cos,A)||| = 0 by INTEGRA8:92,A1;
hence thesis by Def2;

end;

F®, &M% y=sinx M y=cosx Z& X [ [027] , [2a7,02n+1)7],

T

[x+2nm,x+@n+1)w] (x RIEELH), [_?E] y [mal, [F2727],
[2nz2nx], [x=2nm,x+2n7] (x HEBSLE) EHIER, Mizar PERIESHIA:

theorem

A =[.0,PI*2.] implies sin is_orthogonal_with cos,A

theorem

A =[.2*n*PL(2*n+1)*PL] implies sin is_orthogonal with cos,A
theorem

A= [.x+2*n*PLx+2*n+1)*PL] implies sin is_orthogonal with cos,A
theorem

A =[.-PI/2,P1/2.] implies sin is_orthogonal_with cos,A

theorem

A =[.-PLPL] implies sin is_orthogonal_with cos,A

theorem

A =[.-2*P1,2*P1.] implies sin is_orthogonal_with cos,A

theorem :

A =[.-2*n*P1,2*n*PL.] implies sin is_orthogonal_with cos,A
theorem

A = [x-2*n*PLx+2*n*PL] implies'sin is_orthogonal_with cos,A
BEEEMTEHIES®ES y=snx M y=cosx EX @ [0,7] LELZ XM &
INTEGRA9.miz{28].

A LB M B 5 IE S HE7E Mizar 183X I RB 20T (28]
(40) - If A = 0. 7], then the function sin is orthogonal with the function cos,
A !
{41) If A= 0.7-2]. then the function sin is orthogonal with the function cos.
A
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(42) HA="2-n-x(2-n41)-x], then the function sin is orthogonal with
the function cos, A.

(43) HA=i{z+2:n-7,2+(2-n+1)-n), then the function sin is orthogonal
with the function cos, A.

(45) HA=[-F. 3], then the function sin is orthogonal with the function cos,
A

{44) H A= {—r.7]. then the function sin is orthogonal with the function cos,
A

(46) ¥ A =1-2.7 27} then the function sin is orthogonal with the function
cos, A. .

47) HA='-2-n-7,2-n-x} then the function sin is orthogonal with the
function cos, A. i

(48) HA=z-2-n-7.2+2-n-x]. then the function sin is orthogonal with
the function cos, A.

5.2.3 RFCEHAIMizarTH
Mizar F & ETEHE XRIR A«
definition ‘
let A be closed-interval Subset of REAL;
let £ be PartFunc of REAL . REAL;
func ||..f,A..]| -> Real equals :: INTEGRA9:def 3
sqrt ([I(EEA)ID;
end;
7£ INTEGRAY.voc FEA “K|..” 1 “L..||” ULRFFHEX “|.. .)". Sqrt 7R
FHIo
CARANITE §5.1.2 PREEHEMER 1 Ko=181HR 2 8 Mizar Rk 5iEH.
R 1
theorem
for f being PartFunc of REAL,REAL,
A being closed-interval Subset of REAL st
(f@ED)||A is total & (f(#)I)||A|A is bounded &
(f(#)f)||A is integrable &
(for x st x in A holds (f(#)f)|]A.x >=0) holds 0 <=||..f,A..||
N bum sy i
proof
let fbe PartFunc of REAL,REAL;
let A be closed-interval Subset of REAL;
assume Al: (f#)f)[|A is total;
assume A2:(f(#)f)||AJA is bounded & (f(#)f)||A is integrable
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& (for x st x in A holds (f#)f)||A.x >= 0);
ICELA)N >= 0 by A1,A2,INTEGRA2:32;
hence thesis by SQUARE_1:def4;

end;

7 2:
theorem

for f being PartFunc of REAL, REAL,

A being closed-interval Subset of REAL holds

[|..AEDA.I = ]|l..LA. || by REUNCT _1:33:
LR ER RIS R Mizar REA] LURYE Mizar $038 B B 0 50% 40 iR B 3hiE
B,

LRRAEAE Mizar RICHHIREH([28]:
(49) Let f be a partial function from R to R and A be a closed-interval subset

of B. Suppose {f f}) ' Ais total and ({f f} | A}JA is bounded and f f is

integrable on A and for every z such that x € A holds ({f f} | A}(z] =2 0.
Then 0 < {i..f. A}l

{50) For every partial function f from E to R and for every closed-interval
subset A of ® holds ||..1 f.A.|| = |]..f. Al

T 1§ 2 BAE Mizar P R ERX MR HCHFRFE.
EE YURB ()M g(x)EAEXE 4 LEXHA,

L(f+g)2dx= szdx+ ngdx
7E Mizar FHIRB N :

theorem
for f,g being PartFunc of REAL,REAL,
A being closed-interval Subset of REAL st (f(#)f)||A is total &
(fIIA is total & (g(#)g)||A is total & (f(#)f)||AlA is bounded
& (f(#)g)l|A|A is bounded & (g(#)g)||AJA is bounded
& (f(#)f) is_integrable_on A & (f(#)g) is_integrable’ on A
& (g(#)g) is_integrable_on A & fis_orthogonal with g,A
& (for x st x in A holds (f#)f)|]A.x >=0)
& (for x st x in A holds (g(#)g)/|A.x >=0)
holds ||..(f+g),A..|I"2 = ||l LA.II"2 + ||..gA.|"2

2 Mizar RA RS SHER T

proof
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let f,g be PartFunc of REAL,REAL;
let A be closed-interval Subset of REAL;
assume Al: (f#)D)||A is total & (f(#)g)||A is total
& (g)g)|A is total & (f#)N||AJA is bounded &
(f(#)g)llAA is bounded & (g(#)g)l|AlA is bounded
& (f(#)f) is_integrable_on A & (f(#)g) is_integrable on A
& (g(#)g) is_integrable_on A;
then B1: (f(#)f)||A is integrable & (f(#)g)]|A is integrable
& (g#)g)l|A is integrable by INTEGRAS:def 2;
assume A2: fis_orthogonal_with g,A;
A3: |lI(frgfrg,A)lll = INELA + llig.8.A)lll by A1,A2,Th38;
assume (for x st x in A holds (f#)f)||A.x >= 0);then
A4: IIELA)| >=0by A1,B1,INTEGRA2:32;
assume (for x st x in A holds (g(#)g)||A.x >= 0);then
AS5: |l(g.g,A)ll| >= 0 by A1,BLINTEGRA2:32;
H((f+g).(f+g),A)|l| >=0 by A3,A4,A5 XREAL _1:35; then
AG: ||..(Fg),A..|I"2 = ||l((f+g),(f+g),A)|| by SQUARE_1:def 4;
A7 |.£A."2 = I(££A)|l| by A4, SQUARE_1:def 4;
Il.-8,A-11"2 = lli(g.g,A)lll by AS,SQUARE_1:def 4;
hence thesis by A1,A2,Th38,A6,A7;
end;

HepE X 2 (Def2) REBHIERHMEN, EH 38 (Th3s) RAEMELENINER

5.

M EE ) Mizar #38 4[28]:

(51) Let f, g be partial functions from R to X and 4 be a closed-interval
subset of ®. Suppose that (f f) ! A is total and (fg) ~ A & total and
{gg) * A total and ({ff) " A)°A B bounded and {(fg) | A)°Ais
bounded and {{g g} | A):4 is bounded and f f ia integrable on Aand f g
i integrable on A and gg i integrable on A and f & orthogonal with
g. A and for every x such that z € A holds {{f f} * A}(z} > 0 and for
every x such that z € A holds ({(gg) 7 A)z) 2 0. Then ||..f +g.A.|? =
eof AP + g AR

5.3 MizarSE TR R AR

% F REER S RMAH KL XINTEGRAI miz, FELRATHHERE
MEARLHRRIHTHER, DAMizarIRHRLH R, INTEGRAI miz2 i

ROt ARG REERILES-1:
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E:\mizar\mnl>n integra?.miz
Make Environment, Mizar Uer. 7.18.601 Min32/FPC)
Copyright <(c) 1998-20808 Association of Mizar Users

—Uocabularies 131
~Constructors
~Requirements
—Registrations
—Notations

~Identify
—Definitions
~-Theorens

Uerifier, Mizar Uer. 7.108.81 <Win32/FPC)
Copyright <(c) 1998-208¢ ssociation of Mizar
Processing: integra9.miz

Parser [24261] B8:686
Ainalyzer [24261 B8:17
Checker [2426] B:19
Time of mizaring: B:37
<] 1 : y
B s5-1: INTEGRA?.mizéﬁ mizfiZ 4R
Fig.5-1 the result of INTEGRA9.miz
L FEINTEGRA9.mizZ Emizfiy £ IR, EDOSTRRERNA: HEHE
G844y, A324261T, MK BFERTI7H, Parser. Analyzer. Checker—=/Mdf2
BIEHLR.
F4h, RBIER S 5T HiMizar SE 3L XA T 28] T 2009 ()

Formalized Mathematics -

54 BRI
A X TRBIEA S R BT H MK 4 RUSRAE Mizar liA Mizar version:
7.10.01_4.112.1041 .,
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IL.\ =R % Etﬁ

REHROTARM, BERFHEORMM; THEHARI, EERHELE
WAL REE N . TENSTEHRRIENAZ — HRBRALEE
R R BRI Y —. ST Tl oI5 B SR ) A AR Ay
I — R E RS

ERENB TR, HENORARNER RN EE. MizaRAEHE
HLERXBA TR RIFRIE AZE T —2 . AMFIMizar R4 F 2 HO RSk F N 2
B RRE R, RAXMLETRIE. WRETHIES AT SRE
(MML) FRBHTE, RARSE MRTIHETRIE. EEDOS TRIERIT
M RAERR, RASTIHSFHRAHENLE, FETERRRR TN
FRRBEPHIZHEE . SMizar A% mizfir S RFE T A BiEfE 5 4
iR, fE T B A Mizar$URE . IO\ SCIR FE (0 R T MR H 2 (1 003F
th, BEEARRTEALZ. B2, HEETFETRE—LEHIHNES
. Tk, AEAUTHENERIESN, RARED EEAZEE I,

S =+ B EMFRERE, Mizar RRRL T 2B 5IREHIFIE LAY
SR, AU T HERT 85 B T MIMizar 2 E S, TR T A RIS AR
WHE, SERHTFHREMizarfE KBRS B, ARARENRTRREML,
Mizar AR T E . FHOEH R IR W F B . ROEgE.
TEE st R—BE RAMA. 5B H AR A f0Mizar R T LIRS 35 \ B F
HRARRRER, ATTRIET BTN ENE. BB, SEEARENE. b
EMizar¥IEE (MML) FIAKT 7, Mizar{iZERFTR R

& F it Mizari® & 192 5 FMizar RGBS, 118 T WA 7EMizarh 5250
ST A T TR SRS R ME A 5 R ST S R AR 25 9 2, 45 B Mlizar
IR AHRE R R B, ST EA1EMizar RSP 0B B BT, 9 Mizar
RGN« SO SR FTANDRRET R HBLRAR

A BiMizar R A MBI TAEA U F LA

. FEMizardEE (MML). JLTFH S0 A T 2 Mizar B 4 F AT
ERR. BEAHE, FLEBAFELHFN, SEERN 7 EMizardiR B - i
i 410

. EEMizariE S, BEFOEHFE. BEMizarBENENRET 7,
Mizari 5 BEA T HHEL. Atk RN S FEATHTRE, BERREE,
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5 B R ENMizar RE I FTHIE B .

=. H#MizarRE. —FHH, EEEEALEF, KoK “RETE”, MU
BEERENEEPEK. BZ—FH, VIEXEEMKEN. EESHRRER
RN, NMTEARBEKRENSIA, BERENE,

WU, TEMizarFIIEE. MizarfE A —FFMNMHEHE TR, BAE1985F
EIPRER RSP FRELI T EHEIIE[19], BEEMizar RSN E, LT8R
EYREREZSINEFTHRE ST, FIRERE. MERETFHFERNH
FHRER,

o ERSEHEER. RENES. BEl, MizarfE BEMLES]. THIRHER
FEENAE, 5HENRERES, sEATEENEGLENTIEE.

Mizar B TABFENERBREERR, T THEEENTIHNAFHSE
Mizar REF HIELR S KB ERFRIT. B4, SEREERTXESHEBEAN,
F 2 S75EHF OpenMath (OMDoc) &7 A HydE# .

HENBUBEFORS, BEANESERIARULIERE, FhlREE~SN
MRS, NAERENHESFEINBERFEBCEMEE.
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